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Abstract

First-principles theory for estimating the largest Lyapunov 
exponent of a many-particle system having a smooth 
Hamiltonian, possibly long-range

Based on cumulant expansion (van Kampen et al) 

Application to the disordered phases of the infinite-range 
XY Hamiltonian (aka HMF)

“Recover” the geometric method (alternative approach) as 
a special limit.
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Introduction
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Tangent dynamics

xξ δ≡ distance vector

linear system
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First steps

Simplification : Lyapunov exponent does not depend on initial 
conditions, add averages in phase space (and tangent space)
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Aproximation # 1 : exchange average and logarithm

(weak intermittency)
may be tested a posteriori
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A theory for

Solution : 
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ROV & C. Anteneodo, 2002
D. M. Barnett et al, 1996 

2ξ

2ξξξ =TTrIntroduce a “density matrix” Tξξ so that
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using                      ξξ )(tA
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d =The equation for           is also linear :Tξξ

TTTT AAA ξξξξξξ +≡ˆwhere
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The cumulant expansion (van Kampen)
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Perturbative expansion : average + fluctuations
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Once        is known …

Next steps : calculate and diagonalize Ô

( )max2
1 Lℜ=λ

The Lyapunov exponent is given by 

is the eigenvalue of Ô with the largest real partmaxL

Ô

1)( ˆ2 tOT eTrtTr == ξξξRecalling that
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Calculation of Ô
Truncate cumulant expansion at second order :

Approximation # 2
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In the case of quasi-ballistic dynamics (e.g. high energy HMF) 
we can use the interaction representation associated to the 
free propagator :

Approximation # 3
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Explicit expression for Ô
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Now we must identify the relevant 
subspace for diagonalization :
system dependent

µ-canonical averages
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Diagonalizing HMF ( )[ ]∑∑ −−+=
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For HMF one can prove that the relevant subspace is 
3-dimensional, spanned by the matrices
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The mean field approximation is exact for HMF.

This “isotropic” basis amounts to a mean field approximation 
in tangent space, i.e., the problem becomes equivalent to a 
one-degree-of-freedom problem:
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Second-order + mean-field diagonalization …

Definitions :
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Test : high-energy phase of 
the infinite-range XY

simulations
Latora, Rapisarda & Ruffo, 1998
Anteneodo & Tsallis, 1998

geometric method
M.-C. Firpo, 1998

perturbative + mean field,
Anteneodo, Maia & ROV, 2003

good agreement,                  
especially for N < 500

correct scaling law 3/1−≈ Nλ
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Results :  theoretical →→→→ satisfactory
practical →→→→ just beginnning 

Constructed a theory for the Lyapunov exponent of a 
many particle system. Approximations :

Summary

1<<cστ

0
ˆˆ AA ee ττ ≈ weak interactions

mean-field diagonalization :  lower bound ! 

truncation at second cumulant
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Comparison λ vs λ’
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Anteneodo, Maia & ROV, 2003 

Weak intermittency (!?)

“quenched vs annealed”
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Application to HMF 
Ingredients : microcanonical averages )(,, τσµ f

the correlation function is 
gaussian !

cτ thermal time,
independent of NN=200

microcanonical averages 
(analytical calculations)
vs simulations

σµ,

4/3/,1 >= NEJ


