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Dynamical system:

Lyapunov: exponent of a; Lennard- de
-;'--: Slx), xeR”

Jones gas: cumulant expansion

A

Raul O. Vallejos, Celia Anteneodo, Leonardo Cirto In the Emit I“"“’ 0. w— é we obtain the tangent dynamics

Asymptotically, [w(r)|= |w|e*

dé =, Linedr system of diferartial equalions with
Df xin fme-gepecdant coalliciana
Operauonal definition of Lyapunov exponent :

Workshop de Fisica Tedrica fos OO DD E
CBPF, 28 de setembro de 2010 A =!im;ln|§(t)| pia-Kiastins e A
-

A indicates sensitivity to (nitial conditions, instatilify,
unpradictability = chaos

Useful concept in system modeling {economy, bickogy,
meteorology) ; astronomy, etc.

Cunosily : solar system, 1/& = 4 million yrs.
A 15 meter efror in Earth's position tocday makes it impossible
to predict where the Earth will be in 100 million yrs

(J. Laskar, Nature 1989) Quasi-equilibrium states
|{ N =1
hm hy Ei Lifetime diverges as N — o, E/ xed
A0 is my for the validity of microcanonical formalism Properties : anomalous diffusion, non Maxwell-Boltzmann
=0 signals thermodynamic anomalies velocity distributions, aging, negative specific heat ...
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*M..C. Frpo. PRESS (geametric mathad)
« G, Amengodo & AOV, PREO! {random matrix theory)
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Krylov (-1540), Sinal (<1570}, Gaspard, Dorfman & van Beljeren {>1930)
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geometric method random matrices

Casutel, Livi & Pettini, 1968 Beneltin, 1984

Casettl, Clement & Pettind, 1230 Paladn, Vulpani, Parisi, Rutfo,
Casutti, Patlind, EGD Cohen, 2000 Crisant, ... »1985
supersymmetnic method

Tanase-Nicola & Kurchan, 2003

stochastic approach

Bamett, 1996

Antanecdo & ROV, 2002
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E{= JHIx(N]E = A linear differential equations

H. V Hessian matrices

H—i”":+V( ) = A= 2 1
5 Qi sy ~ V() 0

—Z=A() & ——=—iHQt)y
dt 2] dt oy
Analogous to a Schrodinger equation with a ime-dependent
non-hermitian Hamittonian

Formal solution and starting point ;

Etmid)=Te

j:)i'(ﬁ Xy )dr,




Simplitication : & = AE), coes not depend on inltlal conditions,
we can add an average

i =!i2$(ln‘|ﬂ’)~&

Aproximation # 1 : exchange average and logarithm

() micracanonical
x, average

[ l o = 5
A -v,!n_‘nl 3 ln(tﬁ )‘“& = A" may be lested a posterior|

I not : replica trick, supersymmetric. approach, ..
Tanase-Nicola & ). Kurchan
cand-mati210380

ROV & C, Anteneodo, PREO2
D. M, Barnel et o), PRL9S
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‘Evolution equation for (55" )
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Generalized vs standard LE

Fluctuations of small amplitude and/or short correlation time

<T’ véﬁi‘ﬁ s )l >=_ PL

6=(4) +If«lv<&i'(zi)a""ﬁ(:-;),"f‘)),+--.
average + integrated autocorralation function «
Domain of validity (estimate) :
4 >>'?t¢_
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Gis time-independent

T_ corelation time

O fluctuation amplitude
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Cumulant expansion (|¢|’> =Tr(EE7 (1)) =Tre”)
§ G Sl [ oo Ly sporar s gvanty 4= L(Ly,, )|
( -ﬂ n! _\ (:' Lo vigorivalue of O with the larges! real part

( ) We must galouale end diggoagize O (nen-nemitsan)
" e B {100,0]
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(e“‘*) = In(-)= Ta,x,
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— = Abasis for HMF :
0= (3}+Idr<&i(t)¢'m&i{c- r)'_f,e"w') or, <<| (i) a particles are statistically equivalent
o

{ii) all pairs are also equivalent

For HMF one can prove that the subspace { 1. l
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The contribution of subspace Z is negligidle for large N.
It suffices to consider the “isotropic® basis

1 0 0 0 0 1

o o)lo 1)L o0
The “isotropic” basis amounts to a mean field approximation
in tangent space, /.&., one effective degree of freedom,

Observation :
The mean field approximation s exact for HMF ;
it is also exact for a homogeneous gas in 30
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_-—-'rr(x) a’- ((ax)’) = fdﬂ“‘f(r)

normaized aulocarrélation function

simulations
Latora, Rapisarda & Rutio, 1988
Antgnaodo & Tsails, 1698

geamelric method
M.C. Firgo, 1883

perturbame + mean fgid,
Anterneodo, Maia & Valeos

reasonatie agreemant,
especially for N < 500

carrectscaling law A=N"""7

daviations - slow relaxation ?
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Expoente de Lyapunov para um
Gas de Lennard-Jones

Leonardo José Lessa Crio o -
Orlantador Raul O, Valiejos
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Funcéo de correlagéo:

Teoria vs simulagao
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Possible reasons for failure

The Kubo number

Isotrepic aproximation?
Genernalized exponent?

o (7 Vi

Truncation of the cumulant expansion?

i 1 I
020 00s 00

Third, fourth cumulants?

d-—-:.'-‘-+a
dr
Study'ene degree ofi freedom) problem!

Formglly'similar terthe isetiopic N-body
Muchisimpler, evenrexact in, seme Cases

One-dimensional Kubo oscillator
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Generalized LE and! finite-time LEs
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Random damping
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Numerical method
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Colored noise + fourth cumulant
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Importance sampling!

Poisson process

N, =10%-10" 1 ~50-300
PHVSICAL XEVIE® F XL 00070 (2000

Estimutiog generalized Lyapunoy exponents for products of random matrices
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“Resampling Monte Carlo”

Poisson revisited

Amlpell A=OL2, T_mil

Next steps (Conclusions)

N~ = -
T . - Adapt resampling MC to: deterministic [J
dynamics
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Next steps

I resampling"MC does not eliminate
disagreement, then go; back to cumulant
expansion: Onnstein-Uhlenbeck, Poisson
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