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Units

We will adopt natural, or high energy physics, units. There is only one fundamental dimension,

energy, after setting h = ¢ =k, = 1,

[Energy] = [Mass] = [Temperature] = [Length] ' = [Time]*.

The most common conversion factors and quantities we will make use of are
1 GeV™! =1.97 x 107! cm=6.59 x 107%° sec,

1 Mpc= 3.08x10%* cm=1.56x1033 GeV~1,

Mp; = 1.22 x 10" GeV,

Ho=100h Km sec™! Mpc1=2.1h x 107*2 GeV 1,

pe = 1.87Th? - 107 gcem™3 = 1.05h% - 104 eV em ™3 = 8.1h2 x 10747 GeV?,

Ty = 2.75 K=2.3x10713 GeV,

Teq = 5.5(Qh?) eV,

Tis = 0.26 (Tp/2.75K) eV.
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Part 1

Introduction

Our current understanding of the evolution of the universe is based upon the Friedmann-Robertson-
Walker (FRW) cosmological model, or the hot big bang model as it is usually called. The model is
so successful that it has become known as the standard cosmology. times. The FRW cosmology is
so robust that it is possible to make sensible speculations about the universe at times as early as
10~%3 sec after the Big Bang.

The most important feature of our universe is its large scale homogeneity and isotropy. This
feature ensures that observations made from our single point are representative of the universe as a
whole and can therefore be legitimately used to test cosmological models. For most of the twentieth
century, the homogeneity and isotropy of the universe had to be taken as an assumption, known as
the Cosmological Principle. The assumption of isotropy and homogeneity dates back to the earliest
work of Einstein, who made the assumption not based upon observations, but as theorists often do,
to simplify the mathematical analysis. The Cosmological Principle remained an intelligent guess
until firm empirical data, confirming large scale homogeneity and isotropy, were finally obtained

at the end of the twentieth century. The best evidence for the isotropy of the observed universe

704

2dF Galaxy Redshift Survey 2
o

Figure 1: The large-scale structure from the 2dF Galaxy Survey

is the uniformity of the temperature of the cosmic microwave background (CMB) radiation: aside
from the observed dipole anisotropy, the temperature difference between two antennas separated by
angles ranging from about 10 arc seconds to 180° is smaller than about one part in 10°. The simplest
interpretation of the dipole anisotropy is that it is the result of our motion relative to the cosmic rest
frame. If the expansion of the universe were not isotropic, the expansion anisotiopy would lead to a
temperature anisotiopy in the CMBR of similar magnitude. Likewise, inhomogeneities in the density

of the universe on the last scattering surface would lead to temperature anisotropies. In this iegard,



Figure 2: The CMB radiation projected onto a sphere

the CMBR is a very powerful probe: It is even sensitive to density inhomogeneities on scales larger
than our present Hubble volume. The remarkable uniformity of the CMB radiation indicates that
at the epoch of last scattering for the CMB radiation (about 200,000 yr after the bang) the universe
was to a high degree of precision (order of 1075 or so) isotropic and homogeneous. Homogeneity and
isotropy is of course true if the universe is observed at sufficiently large scales. The observable patch
of the universe is of order 3000 Mpc. Redshift surveys suggest that the universe is homogeneous
and isotropic only when coarse grained on scales of the order of 100 Mpc. On smaller scales there
exist large inhomogeneities, such as galaxies, clusters and superclusters. Hence, the Cosmological
Principle is only valid within a limited range of scales, spanning a few orders of magnitude. The
inflationary theory, as we shall see, suggests that the universe continues to be homogeneous and
isotropic over distances larger than 3000 Mpc.

It is firmly established by observations that our universe therefore

e is homogeneous and isotropic on scales larger than 100 Mpc and has well developed inhomo-

geneous structure on smaller scales;

e expands according to the Hubble law for which the recession velocity of, say, galaxies is

proportional to their distances.
Concerning the matter composition of the universe, we know that

e it is pervaded by thermal microwave background radiation with temperature Ty ~ 2.73 K;
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e there is baryonic matter, roughly one baryon per 10? photons, but no substantial amount of

antimatter;

e the chemical composition of baryonic matter is about 75% hydrogen, 25% helium, plus trace

amounts of heavier elements;

e baryons contribute only a small percentage of the total energy density; the rest is a dark
component, which appears to be composed of cold dark matter with negligible pressure (25%)

and dark energy with negative pressure (70%).
Observations of the fluctuations in the cosmic microwave background radiation suggest that

e there were only small fluctuations of order 107> in the energy density distribution when the

universe was a thousand times smaller than now.

Any cosmological model worthy of consideration must be consistent with established facts. While
the standard big bang model accommodates most known facts, a physical theory is also judged
by its predictive power. At present, inflationary theory, naturally incorporating the success of the
standard big bang, has no competitor in this regard. Therefore, we will build upon the standard big
bang model, which will be our starting point, until we reach contemporary ideas of inflation. We
will then show how its prediction influences the CMB physics as well as the physics of the matter
perturbations. This set of notes also offers two Appendices about the generation of the baryon
asymmetry of the universe and the phase transitions in the early universe. These subjects will not

be covered during the lectures.

1 The Friedmann-Robertson-Walker metric

As discussed in the previous section, the distribution of matter and radiation in the observable
universe is homogeneous and isotropic. While this by no means guarantees that the entire universe is
smooth, it does imply that a region at least as large as our present Hubble volume is smooth. So long
as the universe is spatially homogeneous and isotropic on scales as large as the Hubble volume, for
purposes of description of our local Hubble volume we may assume the entire universe is homogeneous
and isotropic. While a homogeneous and isotropic region within an otherwise inhomogeneous and
anisotropic universe will not remain so forever, causality implies that such a region will remain
smooth for a time comparable to its light-crossing time. This time corresponds to the Hubble time,
about 10 Gyr. We have determined during the last part of the GR course that the metric of a
maximally symmetric space satisfying the Cosmological Principle is the the metric for a space with
homogeneous and isotropic spatial sections, that is the Friedmann-Robertson-Walker metric, which

can be written in the form



dr?

2 _ 12 2
ds® = —dt* + a“(t) T 72

+ r2d6% + r2sin? 6d¢? | | (1)

where (¢,7,0, ¢) are are coordinates (referred to as comoving coordinates), a(t) is the cosmic scale
factor, and with an appropriate reseating of the coordinates, k can be chosen to be +1,—1, or 0
for spaces of constant positive, negative, or zero spatial curvature, respectively. The coordinate r is
dimensionless, i.e. a(t) has dimensions of length, and r ranges from 0 to 1 for £ = +1. The time
coordinate is just the proper (or clock) time measured by an observer at rest in the comoving frame,
i.e., (r,0, )=constant. As we shall discover shortly, the term comoving is well chosen: observers at
rest in the comoving frame remain at rest, i.e., (1,6, ¢) remain unchanged, and observers initially
moving with respect to this frame will eventually come to rest in it. Thus, if one introduces a
homogeneous, isotropic fluid initially at rest in this frame, the t =constant hypersurfaces will always
be orthogonal to the fluid flow, and will always coincide with the hypersurfaces of both spatial
homogeneity and constant fluid density.

We already know the curvature tensor of the maximally symmetric metric entering the FRW

metric (and its contractions), this is not difficult.
1. First of all, we write the FRW metric as
ds® = —dt* + a®(t)gi;da'da?. (2)

From now on, all objects with a tilde will refer to three-dimensional quantities calculated with

the metric g;;.

2. One can then calculate the Christoffel symbols in terms of a(t) and f’]k The nonvanishing

components are (we had already established that I, = 0)

Fijk - Fijk?
. a
FZJO - a (S,‘L],
a.
Foij = Y (3)

3. The relevant components of the Riemann tensor are

R . = _751.7
070 a J
RO,LOJ = aagzj,



4. Now we can use Rij = 2kgi; (as a consequence of the maximally symmetry of g;;) to calculate

R,,,. The nonzero components are

Ry = -3%,
a
Rij = (ad + 2&2 + 2]@‘) @j,
a _a® k
- (a + 29 + 2(],2) gij. (5)
5. The Ricci scalar is
6 , . .9

Rz;(aa—i—a + k), (6)

and

6. the Einstein tensor has the components

a a® k
Gij = _<2a++ag>gij' (7)

a2

1.1 Open, closed and flat spatial models

In order to illustrate the construction of the metric, consider the simpler case of a two spatial
dimensions. dimensions. Examples of two-dimensional spaces that are homogeneous and isotropic
are the flat plane R?, the positively-curved closed two sphere S? and the negatively-curved hyperbolic
plane H?.

Consider first a two sphere S? of radius @ and embedded in a three-dimensional space R3. The

equation of the sphere of radius a is

x3 + x3 4 23 = a®. (8)

The element of length is the three-dimensional Euclidean space is

dx? = da} + doj + d=3. (9)

Since x3 is a fictitious coordinate, we can eliminate it in favour of the other two and write

(Jild:El + $2d$2)2

2 2

dx? = d? + da? + 3
a? — 7 — 5
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Now, let us introduce the polar coordinates

x1 =1"cos0, xo=r1"sind, (11)

in terms of which the infinitesimal line length becomes

2,2
Finally, with the definition of a dimensionless coordinate r = 7//a (0 < r < 1), the spatial metric

becomes

d 2
dx? = a? [1—747"2 + r2d92] : (13)

Note the similarity between this metric and the Kk = 1 FRW metric. It should also now be clear that
a(t) is the radius of the space. The poles of the two-sphere are at = 0, the equator is at r = 1.
The locus of points of constant r sweep out the latitudes of the sphere, while the locus of points of
constant 6 sweep out the longitudes of the sphere. Another convenient coordinate system for the
two sphere is that specified by the usual polar and azimuthal angles (6, ¢) of spherical coordinates,

related to the x; by

r1 = asinfcos ¢, xo = asinfsing, x3 = acosb. (14)

In terms of these coordinates, the spatial line element becomes

dx? = a? [d92 + sin? Hdgbz] . (15)

This form makes manifest the fact that the space is the two sphere of radius a. The volume of the

two sphere is easily calculated

Vs = /dQ\/E = /027r do /O7r df a?sin? § = 4ma?, (16)
as expected. The two sphere is homogeneous and isotropic. Every point in the space is equivalent
to every other point, and there is no preferred direction. In other words, the space embodies
the Cosmological Principle, i.e., no observer (especially us) occupies a preferred position in the
universe. Note that this space is unbounded; there are no edges on the two sphere. It is possible to
circumnavigate the two sphere, but it is impossible to fall off. Although the space is unbounded, the
volume is finite. The expansion (or contraction) of this two-dimensional universe equivalent to an
increase (or decrease) in the radius of the two sphere a. Since the universe is apatiatly homogeneous
and isotropic, the scale factor can only be a function of time. As the two sphere expands or contracts,

the coordinates (r and 6 in the case of the two sphere) remain unchanged; they are “comoving.”
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Also note that the physical distance between any two comoving points in the space scales with a
(hence the name scale factor).

The equivalent formulas for a space of constant negative curvature can be obtained with the
replacement a — ia. In this case the embedding is in a three-dimensional Minkowski space. The

metric corresponding to the form for the negative curvature case is

dr?
1— 12

dx* = a® [ + r2d92] = a” [d6” + sinh® 0d¢?] . (17)

The hyperbolic plane H? is unbounded with infinite volume since 0 < # < oo. The embedding of
H? in a Euclidean space requires three fictitious extra dimensions, and such an embedding is of
little use in visualizing the geometry. The spatially-flat model can be obtained from either of the
above examples by taking the radius a to infinity. The flat model is unbounded with infinite volume.
For the flat model the scale factor does not represent any physical radius as in the closed case, or
an imaginary radius as in the open case, but merely represents how the physical distance between
comoving points scales as the space expands or contracts.

The generalization of the two-dimensional models discussed above to three spatial dimensions
is trivial. For the three sphere a fictitious fourth spatial dimension is introduced, and in cartesian

2

coordinates the three sphere is denned by: a* = 2% + 23 + 23 + x3. The spatial metric is dx? =

da? + da3 + dz? + da3. The fictitious coordinate can be removed to give

(l‘ldl‘l + x9dzy + .Z‘3d$63)2

. 18
az—x%—x%—xg (18)

dx? = dz? + da? + da?

In terms of the coordinates x1 = 7r'sinfcos¢, xo = 1’'sinfsin¢ and x3 = 7’ cos6, this metric
becomes equal to the FRW metric with & = +1 and » = 7’//a. In the coordinate system that
employes the three angular coordinates (x, 6, ¢) of a four-dimensional spherical coordinates system,
x1 = asin x sin 6 cos ¢, ro = asin xsinfsin ¢, r3 = asin xy cosf and x4 = acos x, the metric is given
by

dx? = a” [dx* + sin® x(d6? + sin? 0d¢?)] . (19)

The volume of the three-sphere is

Vgs = / d3z /g = 2ma’. (20)

As for the two-dimensional case, the three-dimensional open model is obtained by the replacement
a — ia, which gives the FRW metric with k = —1. Again the Again the space is unbounded with
infinite volume and a(t) sets the curvature scale. Embedding H? in a Euclidean space requires four

fictitious extra dimensions.
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It should be noted that the assumption of local homogeneity and isotropy only implies that
the spatial metric is locally S, H? or R? and the space can have different global properties. For
instance, for the spatially fiat case the global properties of the space might be that of the three torus,
T3, rather than R?; this is accomplished by identifying the opposite sides of a fundamental spatial
volume element. Such non-trivial topologies may be relevant in light of recent work on theories with
extra dimensions. In many such theories the internal space (of the extra dimensions) is compact,
but with non-trivial topology, e.g., containing topological defects such as holes, handles, and so
on. If the internal space is not simply connected, it suggests that the external space may also be
non-trivial, and the global properties of our three-space might be much richer than the simple S?,

H? or R3 topologies.

1.2 The particle horizon and the Hubble radius

A fundamental question in cosmology that one might ask is: what fraction of the universe is in causal
contact? More precisely, for a comoving observer with coordinates (rg, 0y, ¢p), for what values of
(r,0,¢) would a light signal emitted at ¢t = 0 reach the observer at, or before, time ¢t? This can
be calculated directly in terms of the FRW metric. A light signal satisfies the geodesic equation
ds? = 0. Because of the homogeneity of space, without loss of generality we may choose ry = 0.
Geodesies passing through r—0 are lines of constant 6 and ¢, just as great circles eminating from the
poles of a two sphere are lines of constant € (i.e., constant longitude), so df = d¢ = 0. Of course,
the isotropy of space makes the choice of direction 6y, ¢¢) irrelevant. Thus, a light signal emitted

from coordinate position (ry, 0, ¢g) at time ¢ = 0 will reach rg = 0 in a time ¢ determined by

/t dt/ _/TH d’l“/ (21)
o alt)  Jo V1I—kr?

The proper distance to the horizon measured at time ¢ is

tar “da’ 1 T dr
_ A o _1___ — 4" (PARTICLE HORIZON).
Ru(t) = a(t) /0 7 = ) /0 o~ /0 . (PARTICLE HORIZON)

22)
If Ry(t) is finite, then our past light cone is limited by this particle horizon, which is the boundary
between the visible universe and the part of the universe from which light signals have not reached
us. The behavior of a(t) near the singularity will determine whether or not the particle horizon is
finite. We will see that in the standard cosmology Ry (t) ~ t, that is the particle horizon is finite.

The particle horizon should not be confused with the notion of Hubble radius

1

= = - (HUBBLE RADIUS). (23)

Q|
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Let us emphasize a subtle distinction between the particle horizon and the Hubble: if particles are
separated by distances greater than Ry (t) they never could have communicated with one another;
if they are separated by distances greater than the Hubble radius H~!, they cannot talk to each
other at the time t.

We shall see that the standard cosmology the distance to the horizon is finite, and up to numerical
factors, equal to the Hubble radius, H~', but during inflation, for instance, they are drastically

different. One can also define a comoving particle horizon distance

toay ¢ da a 1
— — _ = dlnd [ — M ING PARTICLE H IZON).
TH /0 a(t) /0 H(@)a? /0 na (Ha’> (COMOVING PARTIC ORIZON)

(24)

Here, we have expressed the comoving horizon as an integral of the comoving Hubble radius,

é (COMOVING HUBBLE RADIUS), (25)

which will play a crucial role in inflation. We see that the comoving horizon then is the logarithmic
integral of the comoving Hubble radius (aH)~!. The Hubble radius is the distance over which
particles can travel in the course of one expansion time, i.e. roughly the time in which the scale
factor doubles. So the Hubble radius is another way of measuring whether particles are causally
connected with each other: if they are separated by distances larger than the Hubble radius, then
they cannot communicate at a given time ¢ (or 7). Let us reiterate that there is a subtle distinction
between the comoving horizon 7 and the comoving Hubble radius (aH)~!. If particles are separated
by comoving distances greater than 7y, they never could have communicated with one another;
if they are separated by distances greater than (aH)~!, they cannot talk to each other at some
time 7. It is therefore possible that 7 could be much larger than (aH)~!' now, so that particles
cannot communicate today but were in causal contact early on. As we shall see, this might happen
if the comoving Hubble radius early on was much larger than it is now so that 7y got most of
its contribution from early times. We will see that this could happen, but it does not happen
during matter-dominated or radiation-dominatd epochs. In those cases, the comoving Hubble radius
increases with time, so typically we expect the largest contribution to 77 to come from the most
recent times.
A similar concept is the event horizon, or the maximum distance we can probe in the infinite
future
oo 34/
Relt) =a(t) [ . (26)

t

which is clearly infinite if the universe expands a a ~ t" (n < 1).

14



1.3 Particle kinematics of a particle

Consider the geodesic motion of a particle that is not necessarily massless. The four-velocity u* of
a particle with respect to the comoving frame is referred to as the peculiar velocity. The geodesic
equation of motion in terms of the affine parameter chosen to be the proper length is

du* dz#

— + " uwu? =0, v = —. 27

ds ds (27)

The = 0 component of the geodesic equation is

du? 0 , du° 0 i du®  a_
T + I, uu’ = T + I u'u! = E—F —giju'u? = 0. (28)
Denoting by [u]? = giju'v/ and recalling that —(u")? + |ul?> = —1, it follows that «°du’ = |u|d|u],
the geodesic equation becomes
du 1 d|u]
— *\ F=g to | | = (29)

Finally, since u® = dt/ds, this equation reduces to

1 dul a

L. recalling that the four-momentum p* = mu*, we see that the magnitude

It implies that |u| ~ a~
of the three-momentum of a freely propagating particle red-shifts away as a~'. Note that in eq. (29)
the factors of ds cancel. That implies that the above discussion also applies to massless particles,
where ds = 0 (formally by the choice of a different affine parameter). In terms of the ordinary
three-velocity v* for which u# = (u®, u’) = (v,yv") and v = 1/4/1 — |[v|2, we have

[ = 1|j|M2 ~ é (31)
We again see why the comoving frame is the natural frame. Consider an observer initially (¢ =
t1) moving non-relativistically with respect to the comoving frame with physical three velocity of
magnitude |v|; . At a later time t5 the magnitude of the observer’s physical three-velocity |v|s will

be

v = vl X2
2 104('[:2)'

In an expanding universe, the freely-falling observer is destined to come to rest in the comoving

(32)

frame even if he has some initial velocity with respect to it.
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1.4 The cosmological redshift

Without explicitly solving Einstein’s equations for the dynamics of the expansion, it is still possible
to understand many of the kinematic effects of the expansion upon light from distant galaxies. The
light emitted by a distant object can be viewed quantum mechanically as freely-propagating photons,
or classically as propagating plane waves. In the quantum mechanical description, the wavelength
of light is in- inversely proportional to the photon momentum A = h/p. If the momentum changes,
the wavelength of the light must change. It was shown in the previous section that the momentum
of a photon changes in proportion to a~!. Since the wavelength of a photon is inversely proportional
to its momentum, the wavelength at time tg, denoted as Ao, will differ from that at time ¢;, denoted

as A1, by

A _ah) (33)

As the universe expands, the wavelength of a freely-propagating photon increases, just as all physical
distances increase with the expansion. This means that the red shift of the wavelength of a photon
is due to the fact that the universe was smaller when the photon was emitted.

It is also possible to derive the same result by considering the propagation of light from a distant
galaxy as a classical wave phenomenon. Let us again place ourselves at the origin » = 0. We consider

a radially travelling electro-magnetic wave (a light ray) and consider the equation ds? = 0 or

dr?
1—kr2’

Let us assume that the wave leaves a galaxy located at r at time ¢. Then it will reach us at time ¢

dt* = a®(t) (34)

given by

sinlr=r+13/6+---  (k=+1),
[ 8 ge= [ (k =0) (35)
—_— )= —_— —
,al®) 0 VI ki? ' ’
sinhtr=r—r3/6+--- (k=-1).
As typical galaxies will have constant coordinates, f(r) (which can of course be given explicitly, but
this is not needed for the present analysis) is time-independent. If the next wave crest leaves the

galaxy at r at time (¢ + dt), it will arrive at time (fy + dtp) given by

= [ /tﬁ&” (36)

Subtracting these two equations and making the (eminently reasonable) assumption that the cosmic
scale factor a(t) does not vary significantly over the period dt given by the frequency of light, we

obtain
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oto ot

- 37
alto) ~ ad) o
Therefore the observed frequency vy is related to the emitted frequency v by
t
v _ o) (38)
v a(to)
Astronomers like to express this in terms of the red-shift parameter
Ao
1 = 39
+tz= (39)
which implies
t
_alte) 4| (40)
a(t)

Thus if the universe expands one has z > 0 and ther is a red-shift while in a contracting universe

with a(tg) < a(t) the light of distant glaxies would be blue-shifted. A few remarks:

1. This cosmological red-shift has nothing to do with the stars own gravitational field - that
contribution to the red-shift is completely negligible compared to the effect of the cosmological
red-shift.

2. Unlike the gravitational red-shift i GR, this cosmological red-shift is symmetric between re-
ceiver and emitter, .e. light sent from the earth to the distant galaxy would likewise be

red-shifted if we observe a red-shift of the distant galaxy.

3. This red-shift is a combined effect of gravitational and Doppler red-shifts and it is not very
meaningful to interpret this only in terms of, say, a Doppler shift. Nevertheless, as mentioned

before, astronomers like to do just that, calling v = zc¢ the recessional velocity.

4. Nowadays, astronomers tend to express the distance of a galaxy not in terms of light-years
or megaparsecs, but directly in terms of the observed red-shift factor z, the conversion to

distance then following from some version of Hubbles law.

5. The largest observed redshift of a galaxy is currently z ~ 10, corresponding to a distance of
the order of 13 billion light-years, while the cosmic microwave background radiation, which

originated just a couple of 10° years after the Big Bang, has z ~ 103,
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2 Standard cosmology

All of the discussions in the previous section concerned the kinematics of a universe described by a
FRW. The dynamics of the expanding universe only appeared implicitly in the time dependence of
the scale factor a(t). To make this time dependence explicit, one must solve for the evolution of the

scale factor using the Einstein equations

1
Rw/ - ig;wR = SWGNT;W + Aguua (41)

where T}, is the stress-energy tensor for all the fields present (matter, radiation, and so on) and we
have also included the presence of a cosmological constant. With very minimal assumptions about
the right-hand side of the Einstein equations, it is possible to proceed without detailed knowledge

of the properties of the fundamental fields that contribute to the stress tensor T}, .

2.1 The stress-energy momentum tensor

To be consistent with the symmetries of the metric, the total stress-energy tensor tensor must be
diagonal, and by isotropy the spatial components must be equal. The simplest realization of such a
stress-energy tensor is that of a perfect fluid characterized by a time-dependent energy density p(t)

and pressure P(t)

T = (o + P)uu, + P8, — diag(—p, P. P, P), (42)

where v#* = (1,0,0,0) in a comoving coordinate system. This is precisely the energ-ymomentum
tensor of a perfect fluid. The four-vector u, is known as the velocity field of the fluid, and the
comoving coordinates are those with respect to which the fluid is at rest. In general, this matter
content has to be supplemented by an equation of state. This is usually assumed to be that of a
barytropic fluid, i.e. one whose pressure depends only on its density, P = P(p). The most useful

toy-models of cosmological fluids arise from considering a linear relationship between P and p of the

type

where w is known as the equation of state parameter. Occasionally also more exotic equations of
state are considered. For non-relativistic particles (NR) particles, there is no pressure, pxg = 0, i.e.
wNr = 0, and such matter is usually referred to as dust. The trace of the energy-momentum tensor

is
TZ =—p+3P. (44)
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For relativistic particles, radiation for example, the energy-momentum tensor is (like that of Maxwell

theory) traceless, and hence relativistic particles hve the equation of state

P = -py, (45)

and thus w, = 1/3. For physical (gravitating instead of anti-gravitating) matter one usually requires
p > 0 (positive energy) and either P > 0, corresponding to w > 0 or, at least, (p + 3P) > 0,
corresponding to the weaker condition w > 1/3. A cosmological constant, on the other hand,
corresponds, as we will see, to a matter contribution with wy = —1 and thus violates either p > 0
or (p+3P) > 0.

Let us now turn to the conservation laws associated with the energy-momentum tensor,

v, " = 0. (46)

The spatial components of this conservation law,

v, TH =0, (47)
turn out to be identically satisfied, by virtue of the fact that the u* are geodesic and that the
functions p and P are only functions of time. This could hardly be otherwise because V,T*" would
have to be an invariant vector, and we know that there are none. Nevertheless it is instructive to
check this explicitly

VT =VoT% + V,;,T9" =0+ V;T" = PV;¢" = 0. (48)

The only interesting conservation law is thus the zero-component

vV, 1 = 9,1 + 1%, T + T°,,T" =0, (49)

which for a perfect fluid becomes

p+Th o+ Thop + T, =0. (50)

Using the Christoffel symbols previously computed, see Eq. (3), we get

p+3H(p+P)=0] (51)

For instance, when the pressure of the cosmic matter is negligible, like in the universe today, and

we can treat the galaxies (without disrespect) as dust, then one has

pNR @ = constant (MATTER) | (52)
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The energy (number) density scales like the inverse of the volume whose size is ~ a®> On the other
hand, if the universe is dominated by, say, radiation, then one has the equation of state P = p/3,

then

pra® = constant (RADIATION). (53)

The energy density scales the like the inverse of the volume (whose size is ~ @) and the energy which
scales like 1/a because of the red-shift: photon energies scale like the inverse of their wavelenghts
which in turn scale like 1/a. More generally, for matter with equation of state parameter w, one
finds

pa®1t) = constant. (54)

In particular, for w = —1, p is constant and corresponds, as we will see more explicitly below, to a
cosmological constant vacuum energy

pa = constant (VACUUM ENERGY). | (55)

The early universe was radiation dominated, the adolescent universe was matter dominated and
the adult universe is dominated, as we shall see, by the cosmological constant. If the universe
underwent inflation, there was again a very early period when the stress-energy was dominated by
vacuum energy. As we shall see next, once we know the evolution of p and P in terms of the scale
factor a(t), it is straightforward to solve for a(t). Before going on, we want to emphasize the utility
of describing the stress energy in the universe by the simple equation of state P = wp. This is
the most general form for the stress energy in a FRW space-time and the observational evidence
indicates that on large scales the RW metric is quite a good approximation to the space-time within
our Hubble volume. This simple, but often very accurate, approximation will allow us to explore

many early universe phenomena with a single parameter.

2.2 The Friedmann equations

After these preliminaries, we are now prepared to tackle the Einstein equations. We allow for the

presence of a cosmological constant and thus consider the equations

G + Mgy = 8nGNT . (56)

It will be convenient to rewrite these equations in the form

1
R, = 87Gn <T,“, — 2gWT§> + Aguw. (57)
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Because of isotropy, there are only two independent equations, namely the 00-component and any

one of the non-zero ij-components. Using Egs. (5) we find

3% = 4xGn(p+3P) - A,
o ok (o P) 4 A (58)
a a? a2 NP ’

Using the first equation to eliminate ¢ from the second, one obtains the set of equations for the
Hubble rate

k 8GN A
H? + = = < 59
NI I 1 (59)

for the acceleration

a 4rGN A
4 P)— |
o TN sap) - (60)

Together, this set of equation is known as the Friedman equations. They are supplemented this by
the conservation equation (51). Note that because of the Bianchi identities, the Einstein equations
and the conservation equations should not be independent, and indeed they are not. It is easy to
see that (59) and (51) imply the second order equation (60) so that, a pleasant simplification, in
practice one only has to deal with the two first order equations (59) and (51). Sometimes, however,
(60) is easier to solve than (59), because it is linear in a(t), and then (59) is just used to fix one
constant of integration.

Notice that Eqs. (59) and (60) can be obtained, in the non-relativistic limit P = 0 from
Newtonian physics. Imagine that the distribution of matter is uniform and its matter density is p.
Put a test particle with mass m on a surface of a sphere of radius a and let gravity act. The total
energy is constant and therefore

1 M
Eyin + Epot = imd2 - GNm— = Kk = constant. (61)
a

Since the mass M contained in a sphere of radius a is M = (47pa3/3), we obtain

1 ArG
12— TN a2 = k= constant. (62)

—ma
2 3

By divinding everything by (ma?/2) we obtain Eq. (59) with of course no cosmological constant

and after setting k = 2k/m. Eq. (60) can be analogously obtained from Newton’s law relating the
gravitational force and the acceleration (but still with P = 0).
The expansion rate of the universe is determined by the Hubble rate H which is not a constant

and generically scales like t~!. The Friedmann equation (59) can be recast as
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) k

Q - 1 - =
3H2/87GN  a2H?’

(63)

where we have defined the parameter {2 as the ratio between the energy density p and the critical

energy density pc

P 3H?
O=— = .
pe’ Pe STGN

(64)

Since a?H? > 0, there is a correspondence between the sign of k and the sign of (2 — 1)

k=+1 = Q>1 CLOSED,

k=0 = Q=1 FLAT, (65)

E=-1 = Q<1 OPEN.
Eq. (63) is valid at all times, note also that both € and p. are not constant in time. At early times
once has a radiation-dominated (RD) phase radiation and H? ~ a~* with (Q — 1) ~ a?; during the
matter-dominated phase (MD) one finds H? ~ a=3 with (2 — 1) ~ a. These relations will be crucial

when we will study the inflationary universe. The present day value of the critical energy density is

pe = 1.87h?-107® grem ™3 = 1.05h% - 107 eV em ™3 = 8.1h2 x 10717 GeV™. (66)

It is also common practice to define the 2 parameters for all the components of the universe

Q;, = &, (’L = MATTER, RADIATION, VACUUM , ENERGY, - - - ) (67)
Pc

If we define

PA A1 A
QA = — = —_— =,
pe  8rGnp. 3H?

and a curvature density parameter

k

we can obtain the so-called golden rule of cosmology
Qm+QW+Qb+QA+Qk+-~:1.‘ (70)

We have indicated here with the subscript ,, the dark matter (DM) (see below) and 1, the baryons
(ordinary matter). Present day values do no carry the index ¢ unless needed for the clarity of the

presentation. From each discussion it should be clear when we intend that the (2 parameters are at

22



the present epoch or at a generic instant of time. In particular, the Fridmann equation (59) can be

wriiten as

H2 = ‘FIg(Qma_3 +Qra_4+QA+Qka_2 + )a (71)

where we have set ag = 1. In the previous section we have also introduced the deceleration parameter,
see Eq. (??). By combining Egs. (59) and (60) and using the definition of 2y, that is the value of
the parameter 2 today, it follows that

ArG 1
- ;TH;\IZ,OZ (14 3wi) = o (U + 20 — 200). (72)

For a MD universe we have gy = /2, for a RD we have ¢o = €, both positive. Nevertheless, for
a vacuum-dominated universe, we obtain gg = —€2 and the universe is indeed accelerating.
Recall also that from (6) the curvature of the three-dimensioanl spatial slices is *R = 6k/a?.

Using the definition of €2 we obtain

6H?
Q-1

From the FRW metric, it is clear that the effect of the curvature becomes important only at a

3R:

(73)

comoving radius r ~ |/~c|*1/ 2. So we define the physical radius of curvature of the universe Reyy =
a(t)|k|~Y% = (6/|>R|)Y/?, related to the Hibble radius H~! by

H—l
Q12

When |2 — 1] < 1, such a curvature radius turns out to be much larger than the Hubble radius

Rcurv - (74)

and we can safely neglect the effect of curvature in the universe. Note also that for closed universes,

k = +1, Reurv is just the physical radius of the three-sphere.

2.3 Exact solutions of the Friedman-Robertson-Walker Cosmology

To solve the Friedman equations we have to account for the presence of several species of matter,
characterised by different equations of state or different equation of state parameters w; will coexist.
If we assume that these do not interact, then one can just add up their contributions in the Friedman
equations.

In order to make the dependence of the Friedman equation (59)

81G A
(.12: 7T3 Npa2—k+§a2

on the equation of state parameters w; more manifest, it is useful to use the conservation law

(75)
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BTN pa? = 0w, (76)

for some constant ¢;. Then the Friedman equation takes the more explicit form

A
d2 = Z Cia7(1+3wi) —k + §a2. (77)

In addition to the vacuum energy (and pressure), there are typically two other kinds of matter which
are relevant in our approximation, namely matter in the form of dust and radiation. Denoting the
corresponding constants by ¢, and ¢, respectively, the Friedman equation that we will be dealing

with takes the form

.2 Cm Cr A2
—_m ey 78
a a+a2 +3a, (78)

illustrating the qualitatively different conntributions to the time-evolution. One can then charac-
terise the different eras in the evolution of the universe by which of the above terms dominates, i.e.
gives the leading contribution to the equation of motion for a. This already gives some insight into
the physics of the situation. We will call a universe matter-diminated if the piece ¢y, /a dominates;
radiation-dominated if the piece ¢;/a? dominates; curvature-dominated if the piece k& dominates and
vacuum-dominated if the piece Aa? dominates. As mentioned before, for a long time it was believed
that our present universe is purely matter dominated while recent observations appear to indicate
that contributions from both matter and the cosmological constant are non-negligible.

Here are some immediate consequences of the Friedman equation (78):

1. No matter how small ¢, is, provided that it is non-zero, for sufficiently small values of a that
term will dominate and one is in the radiation dominated era. In that case, one finds the

characteristic behaviour

. Cr
o = — = a(t) ~ t'/2 (RD). (79)

2. If matter dominates, one finds the characteristic behaviour

a? = = a(t) ~ t2/3 (MD). (80)

a

3. For a general equation of state w # —1, one finds

2
a(t) ~ 30 | (81)
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4. For sufficiently large a, a nonzero cosmological constant will always dominate, no matter how
small the cosmological constant may be, as all the other energy-content of the universe gets

more and more diluted.
5. Only for A = 0 does k& dominates for large a.

6. Finally, for A = 0 the Friedman equation can be integrated in terms of elementary functions

whereas for A # 0 one typically encounters elliptic integrals.

7. If we extrapolate at ¢ = 0, we see that the scale factor vanishes there and the energy density
becomes infinite. This is a mathematical, rather than physical singularity and goes under
the name of Big Bang. In practice, if the inflationary cosmology is correct, we are not really
interested in such a epoch as there is no observation which could test it, simply inflation erased
any information about it. Let us also stress that, because of the Cosmological Principle, such

singularity should have happened everywhere uniformly.

Let us study, for hystorical reasons, the so-called Einstein static solution. Einstein was looking for a
static cosmological solution and for this he was forced to introduce the cosmological constant. Static
means @ = 0. Energy conservation then tells us that p = 0 and Eq. (60) tells us that (p 4+ 3P) = A,
therefore also P must be a constant. We see that with A = 0 we would already not be able to satisfy
this equation for physical matter content (p 4+ 3P) > 0. Furthermore Eq. (78) indicates that & must
be positive. Finally, going back to Eq. (59) we find

a® = (87Gnp/3 + 87Gn(p+ 3P)/3) ' = (4nGn(p+ P)) L. (82)

This is thus a static universe, with topology R x S2 in which the gravitational attraction is precisely
balanced by the cosmological constant. Note that even though a positive cosmological constant has
a positive energy density, it has a negative pressure, and the net effect of a positive cosmological
constant is that of gravitational repulsion rather than attraction.

In the matter-dominated universe we have to solve

.2 Cm
=— —k. 83
@ = (53)

For k = 0 this is the equation (79) we already discussed and goes under the name of Einstein-de

Sitter universe. For k = +1, the equation is

.2 Cm
= — —1. 4
a . (84)

We recall that in this case we will have a recollapsing universe with apya.x = ¢y, Which is attained

for @ = 0. This can be solved in closed form for ¢ as a function of a, and the solution to
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dt a —1/2
i < = ) (85)

t(a) = an;x arccos <1 -2 a ) — (aamax - a2)1/2a (86)

Gmax

is

as can be easily verified. The universe starts at ¢ = 0 with a(0) = 0, reaches its maximum at
a = Qpax at

tmax = Gmax arccos(—1)/2 = gama)u (87)

and ends in a Big Crunch at ¢t = 2ty,.x. 2tmax. The curve a(t) is a cycloid, as is most readily seen by
writing the solution in parametrised form. For this it is convenient to introduce the time-coordinate
T via
1

% - (88)
As an aside, not that this time-coordinate renders the FRW metric conformal to Minkowski ds? =
a?(7)(—d7? 4+ dx2). This coordinate system is very convenient for discussing the causal structure of
the FRW universes. In terms of the parameter 7, the solution to the Friedman equation for k = +1

can be written as

Gmax

a(t) = 5 (1 —cosT),
tr) = ““;X (r —sinT), (89)

which makes it transparent that the curve is indeed a cycloid. The maximal radius is reached at

T
tmax = t(a = amax) = t(r =m) = §amax, (90)

as before. Analogously, for kK == —1, the Friedman equation can be solved in parametrised form,

with the trignometric functions replaced by hyperbolic functions

alr) = “”2‘3”‘ (cosht—1),

tr) = ““2“”‘ (sinh7 — 1), (91)

In the case in which radiation is dominating the equation to solve is

a*a® = ¢, — ka®. (92)

It is convenient to make the change of variable b = a? to obtain

26



ACCEhERATING

AVERAGE DISTANCE
BETWEEN GALAXIES

TIME

Figure 3: Qualitative behaviour of the Friedman-Robertson-Walker models for A = 0.

B2
Z + kb = Cr. (93)
For k = 0 we already saw that the solution is a(t) ~ t'/2. For k = =1, one necessarily has

b(t) = by + b1t + bat?. Fixing b(0) = 0 we find the solution

at) = (262 - k:t)l/ : (94)

so, for k = +1

awy:a@dﬂ)zo. (95)

Thus already electro-magnetic radiation is sufficient to shrink the universe again and make it recol-
lapse. For k = —1 on the other hand, the universe expands forever. All this is of course in agreement
with the results of the qualitative discussion given earlier.

Finally and for future applications, let us see what happens when the universe is dominated by

a cosmological constant. The equation to solve is

A
f:—k+§f. (96)

We see that A has to be positive for k = +1 or k = 0, whereas for £k = —1 both positive and negative
A are possible. This is one instance where the solution to the second order equation (60)
A

a= ga, (97)

is more immediate, namely trigonometric functions for A < 0 (only possible for £ =71) and hyperbolic
functions for A > 0. The first order equation then fixes the constants of integration according to the

value of k. For k = 0, the solution is
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ay(t) = \/iei A3t (98)

ay(t) = \/i cosh v/A/3t. (99)

This is also known as the de Sitter universe. It is a maximally symmetric (in space-time) solution

and for k = +1, thus A > 0, one has

of the Einstein equations with a cosmological constant and thus has a metric of constant curvature.
But we know that such a metric is unique. Hence the three solutions with A > 0, for £ = 0, ££1 must
all represent the same space-time metric, only in different coordinate systems. This is interesting
because it shows that de Sitter space is so symmetric that it has space-like slicings by three-spheres,
by three-hyperboloids and by three-planes. The solution for £k = —1 involves sin \/TBt for A <0
and sinh y/A/3t for A > 0. The former is known as the anti de Sitter universe.

Part 11

Equilibrium thermodynamics

Today the radiation, or relativistic particles, in the universe is comprised of the 2.75 K microwave
photons and the three cosmic seas of about 1.96 K relic neutrinos. because the early universe was
to a good approximation in thermal equilibrium, there should have been other relativistic particles
present, with comparable abundances. Before going on to discuss the early RD phase, we will quickly
review some basic thermodynamics.

The number density n, energy density p and pressure P of a dilute, weakly interacting gas of

particles with g internal degrees of freedom is given in terms of its phase space distribution function

f(p)

no= oo i)
p = (Qi)g/d?’pE(p)f(p),

2
Po= ol [ (100)

where E? = |p|? + m?2. For a species in kinetic equilibrium, the phase occupancy f is given by the

familiar Fermi-Dirac or Bose-Einstein distributions

J(p) = [exp(E — w)/T £ 1], (101)
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where p is the chemical potential and +1 refers to Fermi-Dirac species and —1 to Bose-Einstein
species. Moreover, if the species is in chemical equilibrium, then its chemical potential u is related
to the chemical potentials of other species with which it interacts. For example, if the species i

interacts with the species j, k and [

it k4l (102)

then we have

i + pj = p + (103)

From the equilibrium distributions, it follows that the number density n, energy density p and

pressure P of a species of mass m, chemical potential p and temperature T' are

g /oo 5 (EZ_m2)1/2

= 4 | aE
T, exp[(E — u)/T] £ 1’
00 2, 2\1/2
y = 9 [Tapp B ) ,
22 J,, exp (B — ) /T] + 1
) 2 . 2\3/2
p =7 ap—E_=m) (104)

672 )y, exp[(E—p)/T]£1°

In the relativistic limit 7" > m and 7' > p we obtain

(72/30)gT* (BOSE)

p =
(7/8)(m%/30)gT* (FERMI)
— (€(3)/m*)gT? (BOSE)
(3/4)(¢(3)/7*)gT® (FERMI)
P = p/3. (105)

For a degenerate gas for which p > T we have

p = (1/87)gu’,
n o= (1/6m%)gu’,
P = (1/24x%)gu’. (106)

Here ((3) ~ 1.2 is the Riemann zeta function of three. For a Bose-Einstein species p > 0 indicates
the presence of a Bose condensate, which should be treated separately from the other modes. For

relativistic bosons or fermions with © < 0 and |u| < T, it follows that
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n = exp(p/T)(g/m*)T°,
exp(u/T)(3g/m*)T*,
P = exp(u/T)(g/x*)T*. (107)

©
I

In the non-relativistic limit, m > T, the number density and pressure are the same for the Bose

and Fermi species

mn,

©
I

P = nT<p. (108)

For a nondegenerate relativistic species, its average energy density per particle is

(E) = p/n=[r*/30¢(3)] ~2.7T (BOSE),
(E) = p/n=[77n*/180¢(3)] ~ 3.15T (FERMI). (109)

For a degenerate, relativistic species

(E) = p/n = (3u/4). (110)

Finally, for a non-relativistic particle

(E) =m+ (3/2)T. (111)

The excess of a fermionic species over its antiparticle is often of interest and can be computed in the
relativistic and non-relativistic regimes. Assuming that p; = —pu_ (true if the reactions like particle

+ antiparticles <+ v 4+ v occur rapidly), then the net fermion number is

Ny —n_ = 22_2/7:0 dE E(E? — m?)'/?
[ 1 _ 1
pl(E— )T+ 1 expl(B+ )/T] + 1

= gz;j |:7T2 (%) + (;)3] (T > m),

= 2g9(mT/2m)3/? sinh(u/T) exp(—m/T) (T < m). (112)
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The total energy density and pressure of all species in equilibrium can be expressed in terms of the

photon temperature T'

T\ 4 g [ (u? — 22)1/242
r - T4 i - ! / d v
P Z PPecIes <T> 272 “ exp(u —y;) £ 17

all T
T\ ¢ [ (u? — 22)3/2
B = T jes ( =) — / d i 113
; Species (T> 672 J,, “ exp(u—y;) £1° (113)

where x; = m;/T and y; = /u;/T and we taken into account the possibility that the species have a
different temperature than the photons.

Since the energy density and pressure of non-relativistic species is exponentially smaller than
that of relativistic species, it is a very good approximation to include only the relativistic species in

the sums and we obtain

7T2

pI‘ZBPI‘:%

g+(T) T, (114)

where

g(T)= > gi <?>4+; D <§3>4 (115)

bosons fermions

counts the effective total number of relativistic degrees of freedom in the plasma. For instance, for
T < MeV, the only relativistic species are the three neutrinos with T, = (4/11)!/3T,, (see below)
and g.(< MeV) ~ 3.36. For 100 MeV > T = 1 MeV, the electron and positron are additional
relativistic degrees of freeedom and T, = T, and g, ~ 10.75. For T' 2 300 GeV, all the species of the
Standard Model (SM) are in equilibrium: 8 gluons, W=, Z, three generations of quarks and leptons
and one complex Higgs field and g, ~ 106.75.

During early RD phase when p ~ p, and supposing that g, ~ constant, we have that the Hubble

rate is

2
12 T
H ~ 1.66 — 116
Gx MPl ( )
and the corresponding time is
1/2 Mp T\’
t~0.3¢. T = <MeV> sec. (117)

31



3 Entropy

Throughout most of the history of the universe the reaction rates of particles in the thermal bath

were much greater than the expansion rate of the universe and local thermal equilibrium (LTE) was

attained. In this case the entropy per comoving volume element remains constant. The entropy in a

comoving volume provides a very useful quantity during the expansion of the universe. The second

law of theormodynamics as applied to a comoving volume elementof unit coordinate volume and

physical volume V = a?, implies that (we assume small chemical potentials)

TdS = d(pV) + PdV = d[(p + P)V] - VdP.

The integrability condition

0?8 B 028
oTovV ~— oVoT
relates the energy density and pressure
dP
T— = P
ar ~ P +F
or, equivalently,
p+P
dP = ——dT.
T

We therefore obtain from Eq. (118) that

as = ral(p + PV] — (o + P)Vs = [ LDV

That is, up to an additional constant, the entropy per comoving volume is

_ 3(p+P)
S=a T

Reacll that the first law (energy conservation) can be written as

d[(p+ P)V] = VdP.

Thus substituting (121) in Eq. (124), we obtain

d [(p +TP)V] = 0.

+ const. | .

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

This implies that in thermal equilibrium the entropy per comoving volume V', S, is conserved. It is

useful to define the entropy density s as
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_5S_pth 12
TVyT T (126)

It is dominated by the relativistic degrees of freedom and to a very good approximation

272
= I3 12
S 45 g*S 9 ( 7)

where

ps=om= 3 o (B)+ T > w(BY) (125)

bosons fermions

For most of the history of the universe, all particles had the same temperature and one replace
therefore g.g with g.. Note also that s is proportional to the number density of relativistic degrees

of freedom and in particular it can be related to the photon number density n,

a2

Today so ~ 7.04n, 9. The conservation of S implies that s ~ a3 and therefore

9«sT3a® = constant (130)
during the evolution of the universe and that the number density of a given species Y = a®n can be
written as

n
Yy = 2. 131
& (131)
For a species in thermal equilbrium
45¢(3)g
Y = T
359 TY32 exp(—mT + u/T) (T < m) (132)
4ﬂ75g*5

If the number of a given species in a comoving volume is not changing, ¢.e. particles are neither
created nor destroyed, then Y remains constant at a given temperature. For instance, as long as
the baryon number processes are out-of-equilibrium, then ny, /s is conserved. Although n = ny, /v, =
1.8g+s(np/s), the baryon number-to-phton ratio does not remain constant with time because g.g
chages. During the era of e annihilations, the number density of photons per comoving volume
increases by a factor 11/4, so that  decreases by the same factor. After the time of e* annihilations,

however, g.s is constant and 1 ~ 7ny,/s and np/s can be used interchangeably.
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The second fact, that S = g,573a® = constant, implies that the temperature of the universe

evolves as

T~ gt (133)
/3

When g¢,g is constant one gets the familiar result 7' ~ a~'. The factor 9*_51 enters because whenever
a particle species becomes non-relativistic and disappears from the plasma, its entropy is transferred
to the other relativistic particles in the thermal plasma causing T to decrease slightly less slowly

(sometimes it is said, but in a wrong way, that the universe slightly reheats up).

Part 111

The inflationary cosmology

In this chapter we will discuss the inflationary universe. As we will come out along the way, inflation
is responsible not only for the observed homogeneity and isotropy of the universe, but also for
its inhomogeneities. Furthermore, inflation links the quantum mechanical microphysics to the the
macrophysics of the universe as a whole. It is a beautiful example of connection between high energy
physics and cosmology.

Before launching ourselves into the description of inflation, we would like to go back to the
concept of conformal time which will be useful in the next sections. The conformal time 7 is defined

through the following relation

dt
dr = —. 134
r=2 (134)
The metric ds? = —dt? + a?(t)dx? then becomes
ds® = a*(7) [-dr? + dx?] . (135)

The reason why 7 is called conformal is manifest from Eq. (135): the corresponding FRW line element
is conformal to the Minkowski line element describing a static four dimensional hypersurface.

Any function f(t) satisfies the rule

; f'(7)

t) = 1
fty = L5 (136)
; f'(7) f'(7)

t) = — 137

where a prime now indicates differentation wrt to the conformal time 7 and
CL/
H " (138)

In particular we can set the following rules
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a a a
a 7'[2
a = — - =
a a
: H  H?
H = a2 a2’
2
2o 87TGp_£:>H2:87era L
3 a? 3
. ArG
H = —477G(p+P):>H’:—7TT(p+3P)a2,

p + 3H(p+P)=0=p +3H(p+P)=0

Finally, if the scale factor a(t) scales like a ~ ¢", solving the relation (134) we find

n

a~t"= a(r)~ 7", (139)

Therefore, for a RD era a(t) ~ t/2 one has a(7) ~ 7 and for a MD era a(t) ~ t2/3, that is a(r) ~ 72.

4 Again on the concept of particle horizon

We have already encountered the concept of the particle horizon. Let us see how it behaves in an
expanding universe and what this implies. In spite of the fact that the universe was vanishingly
small at early times, the rapid expansion precluded causal contact from being established throughout.
Photons travel on null paths characterized by ds? = 0 or (along straight lines in polar coordinates)
dr = dt/a(t); the physical distance that a photon could have traveled since the bang until time ¢,

the distance to the particle horizon, is

Ra(t) = a(t) [ ao(lz) —ar) [ ar
H-! !

t
— - ~ H 1 f n 1. 14
a—n n(l—n) or a(t) < t™, n< (140)

Recall that in a universe dominated by a fluid with equation of state P = w/p we have n = 2/3(1+w).
The comoving Hubble radius goes like
1 t
COMOVING HUBBLE RADIUS = g = (141)
a
In particular, for a MD universe w = 0 and n = 2/3, while for a RD universe w = 1/3 and 1/2. In

bot cases the comoving Huble radius increases with time. We see that in the standard cosmology

the distance to the horizon is finite, and up to numerical factors, equal to the Hubble radius, H .
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For this reason, one can use the words horizon and Hubble radius interchangeably for standard
cosmology. As we shall see, in inflationary models the horizon and Hubble radius are drastically
different as the horizon distance grows exponentially relative to the Hubble radius; in fact, at the
end of inflation they differ by e, where N is the number of e-folds of inflation. The horizon sets
the length scale for which two points separated by a distance larger than Ry (t) they could never
communicate, while the Hubble radius sets the scale at which these two points could not comunicate
at the time ¢.

Note also that a physical length scale \ is within the Hubble radius if A < H~!. Since we can

identify the length scale A with its wavenumber k, A = 27a/k, we will have the following rule

< 1= SCALE X OUTSIDE THE HORIZON

> 1= SCALE A WITHIN THE HORIZON

Notice that in standard cosmology

A A aH
PARTICLE HORIZON ~ Ry "X~ % (142)

This shows once more that Hubble radius and particle horizon can be used interchangeably in

standard cosmology.

5 The shortcomings of the Standard Big-Bang Theory

By now the shortcomings of the standard cosmology are well appreciated: the horizon or large-scale
smoothness problem; the small-scale inhomogeneity problem (origin of density perturbations); and
the flatness or oldness problem. We will only briefly review them here. They do not indicate any
logical inconsistencies of the standard cosmology; rather, that very special initial data seem to be
required for evolution to a universe that is qualitatively similar to ours today. Nor is inflation the
first attempt to address these shortcomings: over the past two decades cosmologists have pondered
this question and proposed alternative solutions. Inflation is a solution based upon well-defined,

albeit speculative, early universe microphysics describing the post-Planck epoch.

5.1 The Flatness Problem

Let us make a tremendous extrapolation and assume that Einstein equations are valid until the

Plank era, when the temperature of the universe is Tp; ~~ 10 GeV. From the equation for the
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curvature

k
H2a2’

we read that if the universe is perfectly flat, then (2 = 1) at all times. On the other hand, if there

Q-1= (143)

is even a small curvature term, the time dependence of (2 — 1) is quite different.

During a RD period, we have that H? o« p, oc a~% and
1 2
During MD, pnr o a~3 and
1

In both cases (€2 — 1) decreases going backwards with time. Since we know that today (€ — 1) is
of order unity at present, we can deduce its value at tp; (the time at which the temperature of the
universe is Tp; ~ 10 GeV)

- 2 2
121 lrogy (“m) ~ (TO > ~ O(10-%4), (146)

[Q-Tr=r, ~\a§) \T3
where 0 stands for the present epoch, and Ty ~ 107'3 GeV is the present-day temperature of the
CMB radiation. If we are not so brave and go back simply to the epoch of nucleosynthesis when
light elements abundances were formed, at Ty ~ 1 MeV, we get
2 2
"%_11 "7;7;: ~ (‘;%V) ~ (%) ~ O(10716), (147)
In order to get the correct value of (29 — 1) ~ 1 at present, the value of (2 — 1) at early times have
to be fine-tuned to values amazingly close to zero, but without being exactly zero. This is the reason

why the flatness problem is also dubbed the ‘fine-tuning problem’.

5.2 The Entropy Problem

Let us now see how the hypothesis of adiabatic expansion of the universe is connected with the

flatness problem. From the Friedman equations we know that during a RD period

H? ~ pp o~ T;; (148)
MPI
from which we deduce ) )
kM, kM,
Q-1= 4T111: L (149)
a SST2

Under the hypothesis of adiabaticity, S is constant over the evolution of the universe and therefore

M2 1 1
Q—1,_, =2 = ~ 10790 (150)
e T3 S%/ 3 S%/ 3
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where we have used the fact that the present horizon contains a total entropy

3
B~ 10%. (151)

We have discovered that (2 — 1) is so close to zero at early epochs because the total entropy of
our universe is so incredibly large. The flatness problem is therefore a problem of understanding
why the (classical) initial conditions corresponded to a universe that was so close to spatial flatness.
In a sense, the problem is one of fine-tuning and although such a balance is possible in principle,
one nevertheless feels that it is unlikely. On the other hand, the flatness problem arises because
the entropy in a comoving volume is conserved. It is possible, therefore, that the problem could be
resolved if the cosmic expansion was non—adiabatic for some finite time interval during the early

history of the universe.

5.3 The horizon problem

According to the standard cosmology, photons decoupled from the rest of the components (electrons
and baryons) at a temperature of the order of 0.3 eV. This corresponds to the so-called surface of

‘last-scattering’ at a red shift of about 1100 and an age of about 180,000 (Qoh2)_1/2 yrs. From the

~aac

error x50

I, (x 105 erg cm™ s Hz™")

10 15
frequency (cm-!)

Figure 4: The black body spectrum of the cosmic background radiation.

epoch of last-scattering onwards, photons free-stream and reach us basically untouched. Detecting
primordial photons is therefore equivalent to take a picture of the universe when the latter was
about 300,000 yrs old. The spectrum of the cosmic background radiation is consistent that of a
black body at temperature 2.73 K over more than three decades in wavelength; see Fig. 4. The length
corresponding to our present Hubble radius (which is approximately the radius of our observable

universe) at the time of last-scattering was

ag To

A (tis) = Ru(to) <a0> = Ru(to) <T1s> .
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On the other hand, during the MD period, the Hubble length has decreased with a different law
H? x pxr ox a3 o T3,

At last-scattering

T\ %2
ngl = RH(to) (T;) < RH(tQ).

The length corresponding to our present Hubble radius was much larger that the horizon at that

time. This can be shown comparing the volumes corresponding to these two scales

3
Mi(Te)  (To\ "2 _ 6
= | — ~ 10°. 152

ngg <Tls> 0 ( ° )

There were ~ 105 casually disconnected regions within the volume that now corresponds to our
horizon! It is difficult to come up with a process other than an early hot and dense phase in the
history of the universe that would lead to a precise black body for a bath of photons which were
causally disconnected the last time they interacted with the surrounding plasma.

The horizon problem is well represented by Fig. 5 where the green line indicates the horizon scale
and the red line any generic physical length scale A\. Suppose, indeed that X\ indicates the distance
between two photons we detect today. From Eq. (152) we discover that at the time of emission
(last-scattering) the two photons could not talk to each other, the red line is above the green line.

There is another aspect of the horizon problem which is related to the problem of initial conditions
for the cosmological perturbations. We have every indication that the universe at early times, say
t < 300,000 yrs, was very homogeneous; however, today inhomogeneity (or structure) is ubiquitous:
stars (dp/p ~ 10%Y), galaxies (6p/p ~ 10°), clusters of galaxies (6p/p ~ 10 — 10?), superclusters,
or “clusters of clusters” (6p/p ~ 1), voids (dp/p ~ —1), great walls, and so on. For some twenty-
five years the standard cosmology has provided a general framework for understanding this picture.
Once the universe becomes matter dominated (around 1000 yrs after the bang) primeval density
inhomogeneities (6p/p ~ 107°) are amplified by gravity and grow into the structure we see today.
The existence of density inhomogeneities has another important consequence: fluctuations in the
temperature of the CMB radiation of a similar amplitude. The temperature difference measured
between two points separated by a large angle (= 1°) arises due to a very simple physical effect: the
difference in the gravitational potential between the two points on the last-scattering surface, which

in turn is related to the density perturbation, determines the temperature anisotropy on the angular

(), (%),

where the scale A ~ 100~ Mpc(f/deg) subtends an angle 6 on the last-scattering surface. This is

scale subtended by that length scale,

known as the Sachs-Wolfe effect. The CMB experiments looking for the tiny anisotropies are of three
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log a

Figure 5: The horizon scale (green line) and a physical scale A (red line) as function of the scale

factor a.

kinds: satellite experiments, balloon experiments, and ground based experiments. The technical
and economical advantages of ground based experiments are evident, but their main problem is

atmospheric fluctuations. The temperature anisotropy is commonly expanded in spherical harmonics

AT

T(x()vTO’n) = zz:af,m(xO)nm(n)y (154)

where zg and 7y are our position and the preset time, respectively, n is the direction of observation,

!'s are the different multipoles and?

<agmaz/m/) = 5@,[’6m,m’cfa (155)

An alternative definition is Cy = (|agm|*) = ﬁ anz% |agm|”.
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Figure 6: The CMBR anisotropy as function of /.

where the deltas are due to the fact that the process that created the anisotropy is statistically
isotropic. The Cy are the so-called CMB power spectrum. For homogeneity and isotropy, the Cy’s
are neither a function of xg, nor of m. The two-point-correlation function is related to the Cy’s in
the following way

< 5Tj€n) 5T1(1n ) >

= D (am@y) Yim(0) Y, (0)

20" mm/

= DD Vi )Y ) = = De+ GRG0 w) - (15)
where we have used the addition theorem for the spherical harmonics, and P, is the Legendre
polynom of order ¢. In expression (156) the expectation value is an ensamble average. It can be
regarded as an average over the possible observer positions, but not in general as an average over
the single sky we observe, because of the cosmic variance?.

Let us now consider the last-scattering surface. In comoving coordinates the latter is ‘far’ from

to 70
/ e _ / dr = (o — 1) - (157)
t a T

Is Is

us a distance equal to

2The usual hypothesis is that we observe a typical realization of the ensamble. This means that we expect
the difference between the observed values |asm,|? and the ensamble averages Cy to be of the order of the
mean-square deviation of |agy,|? from Cy. The latter is called cosmic variance and, because we are dealing
with a Gaussian distribution, it is equal to 2Cy for each multipole £. For a single ¢, averaging over the (2¢+41)
values of m reduces the cosmic variance by a factor (2¢ + 1), but it remains a serious limitation for low

multipoles.
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A given comoving scale A is therefore projected on the last-scattering surface sky on an angular scale

b N (158)
(TO - 7—ls)

where we have neglected tiny curvature effects. Consider now that the scale A is of the order of
the comoving sound horizon at the time of last-scattering, A ~ c,75, where cs ~ 1/4/3 is the sound
velocity at which photons propagate in the plasma at the last-scattering. This corresponds to an
angle

s e s (159)
(70 — 7s) 70

where the last passage has been performed knowing that 79 > 7. Since the universe is MD from the

0 ~ cq

time of last-scattering onwards, the scale factor has the following behaviour: a ~ T~ ~ ¢2/3 ~ 72,
where we have made use of the relation (139). The angle for subtended by the sound horizon on

the last-scattering surface then becomes

1o

1/2
0 ~cg | — ~ 1°, 1
HoR ~ ¢ (T1> (160)

where we have used Tis ~ 0.3 eV and Ty ~ 1073 GeV. This corresponds to a multipole fHor

fHOR = ~ 200. (161)

fror
From these estimates we conclude that two photons which on the last-scattering surface were

separated by an angle larger than fyogr, corresponding to multipoles smaller than fyior ~ 200 were
not in causal contact. On the other hand, from Fig. 6 it is clear that small anisotropies, of the
same order of magnitude §7'/T ~ 10~° are present at £ < 200. We conclude that one of the striking
features of the CMB fluctuations is that they appear to be noncausal. Photons at the last-scattering
surface which were causally disconnected have the same small anisotropies! The existence of particle
horizons in the standard cosmology precludes explaining the smoothness as a result of microphysical
events: the horizon at decoupling, the last time one could imagine temperature fluctuations being
smoothed by particle interactions, corresponds to an angular scale on the sky of about 1°, which
precludes temperature variations on larger scales from being erased.

To account for the small-scale lumpiness of the universe today, density perturbations with
horizon-crossing amplitudes of 10™° on scales of 1Mpc to 10* Mpc or so are required. As can
be seen in Fig. 5, in the standard cosmology the physical size of a perturbation, which grows as the
scale factor, begins larger than the horizon and relatively late in the history of the universe crosses
inside the horizon. This precludes a causal microphysical explanation for the origin of the required
density perturbations.

From the considerations made so far, it appears that solving the shortcomings of the standard

Big Bang theory requires two basic modifications of the assumptions made so far:
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Figure 7: An illustration of the horizon problem stemming from the CMB anisotropy.

e The universe has to go through a non-adiabatic period. This is necessary to solve the entropy
and the flatness problem. A non-adiabatic phase may give rise to the large entropy Sy we

observe today.

e The universe has to go through a primordial period during which the physical scales A evolve
faster than the Hubble radius H .

The second condition is obvious from Fig. 8. If there is period during which physical length scales
grow faster than the Hubble radius H !, length scales A which are within the horizon today, A < H !
(such as the distance between two detected photons) and were outside the Hubble radius at some
period, A > H~! (for istance at the time of last-scattering when the two photons were emitted),
had a chance to be within the Hubble radius at some primordial epoch, A < H~! again. If this
happens, the homogeneity and the isotropy of the CMB can be easily explained: photons that we
receive today and were emitted from the last-scattering surface from causally disconnected regions
have the same temperature because they had a chance to talk to each other at some primordial

stage of the evolution of the universe. The distinction between the (comoving) particle horizon and
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Figure 8: The behaviour of a generic scale A and the Hubble radius H ! in the standard inflationary

model.

the (comoving) Hubble radius is crucial now for the solution to the horizon problem which relies on
the following: It is possible that Ry is much larger than the Hubble radius now, so that particles
cannot communicate today but were in causal contact early on.

The second condition can be easily expressed as a condition on the scale factor a. Since a given
scale \ scales like A ~ a and the Hubble radius H ! = a/a, we need to impose that there is a period
during which

A\ .
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Notice that is equivalent to require that the ratio between the comoving length scales A/a the

comoving Hubble radius during inflation

() - (5) - () o

increases with time. We can therefore introduced the following rigorous definition: an inflationary

stage is a period of the universe during which the latter accelerates

INFLATION <<= a>0.

Comment: Let us stress that during such a accelerating phase the universe expands adiabatically.
This means that during inflation one can exploit the usual FRW equations. It must be clear therefore
that the non-adiabaticity condition is satisfied not during inflation, but during the phase transition
between the end of inflation and the beginning of the RD phase. At this transition phase a large
entropy is generated under the form of relativistic degrees of freedom: the Big Bange has taken

place.

6 The standard inflationary universe

From the previous section we have learned that an accelerating stage during the primordial phases
of the evolution of the universe might be able to solve the horizon problem. Therefore we obtain we
learn that

a>0<= (p+3P)<0.

An accelerating period is obtainable only if the overall pressure p of the universe is negative: P <
—p/3. Neither a RD phase nor a MD phase (for which P = p/3 and P = 0, respectively) satisfy such
a condition. Let us postpone for the time being the problem of finding a ‘candidate’ able to provide
the condition P < —p/3. For sure, inflation is a phase of the history of the universe occurring before
the era of nucleosynthesis (¢ ~ 1 sec, 7'~ 1 MeV) during which the light elements abundances were
formed. This is because nucleosynthesis is the earliest epoch we have experimental data from and
they are in agreement with the predictions of the standard Big-Bang theory. However, the thermal
history of the universe before the epoch of nucleosynthesis is unknown.

In order to study the properties of the period of inflation, we assume the extreme condition
P = —p which considerably simplifies the analysis. A period of the universe during which P = —p

is called de Sitter stage. By inspecting the FRW equations and the energy conservation equation,
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we learn that during the de Sitter phase

p = constant,

H; = constant,

where we have indicated by Hj the value of the Hubble rate during inflation. Correspondingly, we
obtain

a = ag efrlt=t) (164)

where t; denotes the time at which inflation starts. Let us now see how such a period of exponential

expansion takes care of the shortcomings of the standard Big Bang Theory.?

6.1 Inflation and the horizon Problem

During the inflationary (de Sitter) epoch the horizon scale H; Lis constant. If inflation lasts long
enough, all the physical scales that have left the Hubble radius during the RD or MD phase can
re-enter the Hubble radius in the past: this is because such scales are exponentially reduced. Indeed,

while during inflation the particle horizon grow exponential

Cat o, 1 'y
() =att) [ty = e () [ermen]| G0, (165)

while the Hubble radius remains constant

HUBBLE RADIUS = © = H;, (166)
a

and points that our causally disconnected today could have been in contact during inflation. Notice

that in comoving coordinates the comoving Hubble radius shrink exponentially

COMOVING HUBBLE RADIUS = H; e~ filt=t0), (167)

while comoving length scales remain constant. An illustration of the solution to the horizon problem
can therefore be visualized as in Fig. 9. As we have seen in the previous section, this explains both
the problem of the homogeneity of CMB and the initial condition problem of small cosmological
perturbations. Once the physical length is within the horizon, microphysics can act, the universe

can be made approximately homogeneous and the primaeval inhomogeneities can be created.

3Despite the fact that the growth of the scale factor is exponential and the expansion is superluminal, this
is not in contradiction with what dictated by relativity. Indeed, it is the space-time itself which is progating

so fast and not a light signal in it.
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Figure 9: The solution of the horizon problem by inflation in comoving coordinates

Let us see how long inflation must be sustained in order to solve the horizon problem. Let ¢
and t¢ be, respectively, the time of beginning and end of inflation. We can define the corresponding
number of e-foldings N

N =1In[Hi(te — t1)]. (168)

A necessary condition to solve the horizon problem is that the largest scale we observe today, the
present horizon Hy ', was reduced during inflation to a value Az, (t1) smaller than the value of

horizon length H~ ! during inflation. This gives

1 /{a a _1 (Ti _ _
A, (t1) = Hy't <attf> (;) = Hy'! (Ti) e N < H,
0 f

where we have neglected for simplicity the short period of MD and we have called T} the temperature
at the end of inflation (to be indentified with the reheating temperature Ty at the beginning of the
RD phase after inflation, see later). We get

To T; T;
z — ] = — | =67+ .
N,Vln( 0) ln< I) 67 ln( I)

Apart from the logarithmic dependence, we obtain N 2 70.

6.2 Inflation and the flateness problem

Inflation solves elegantly the flatness problem. Since during inflation the Hubble rate is constant
k 1
aZH? g2
On the other end the condition (150) tells us that to reproduce a value of (29 — 1) of order of unity
today the initial value of (2 — 1) at the beginning of the RD phase must be | — 1| ~ 10799, Since

0-1=

we identify the beginning of the RD phase with the beginning of inflation, we require
9 — 1f,_y, ~107%.
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During inflation

2
(@ _ ()" _ o (169)
|(2 - 1|t:t1 ars .

Taking |Q — 1‘t:t1 of order unity, it is enough to require that N = 70 to solve the flatness problem.
1. Comment: In the previous section we have written that the flateness problem can be also
seen as a fine-tuning problem of one part over 10%°. Inflation ameliorates this fine-tuning problem,
by explaining a tiny number ~ 107 with a number N of the order 70.
2. Comment: The number N ~ 70 has been obtained requiring that the present-day value of
(Qo — 1) is of order unity. For the expression (169), it is clear that —if the period of inflation lasts
longer than 70 e-foldings the present-day value of 0y will be equal to unity with a great precision.

One can say that a generic prediction of inflation is that

INFLATION = Qy=1.

Figure 10: Inflation predicts a local flat universe.

This statement, however, must be taken cum grano salis and properly specified. Inflation does not

change the global geometric properties of the space-time. If the universe is open or closed, it will
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always remain flat or closed, independently from inflation. What inflation does is to magnify the
radius of curvature Ry S0 that locally the universe is flat with a great precision. As we shall see,

the current data on the CMB anisotropies confirm this prediction!

6.3 Inflation and the entropy problem

In the previous section, we have seen that the flatness problem arises because the entropy in a
comoving volume is conserved. It is possible, therefore, that the problem could be resolved if the
cosmic expansion was non-adiabatic for some finite time interval during the early history of the
universe. We need to produce a large amount of entropy Sy ~ 10%°. Let us postulate that the

entropy changed by an amount
S¢ = Z3 S (170)

from the beginning to the end of the inflationary period, where Z is a numerical factor. It is very
natural to assume that the total entropy of the universe at the beginning of inflation was of order
unity, one particle per horizon. Since, from the end of inflation onwards, the universe expands
adiabatically, we have S; = Sy. This gives Z ~ 103°. On the other hand, since S; ~ (a,fo)3 and

Sm,i ~ (a1t1)3, where T} and t; are the temperatures of the universe at the end and at the beginning

as N 30 (U
— | = ~1 — 171
(CH) ‘ : <Tf>’ 1)

which gives again N ~ 70 up to the logarithmic factor In (%) We stress again that such a large

of inflation, we get

amount of entopy is not produced during inflation, but during the non-adiabatic phase transition

which gives rise to the usual RD phase.

6.4 Inflation and the inflaton

In the previous subsections we have described the various adavantages of having a period of accel-
erating phase. The latter required P < —p/3. Now, we would like to show that this condition can
be attained by means of a simple scalar field. We shall call this field the inflaton ¢.

The action of the inflaton field reads

S:/d4:c —gﬁ:/d%wfg [—;Buqﬁ@“qﬁ—V(qﬁ) , (172)

where \/—¢g = a® for the FRW metric. From the Eulero-Lagrange equations

W0(V/=9L)  o(y=gL) _
s i e (173)

we obtain

.. A V&
¢+3Hop — 7+v’(<;s) =0 (174)
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where V'(¢) = (dV(¢)/d¢). Note, in particular, the appearance of the friction term 3H¢: a scalar
field rolling down its potential suffers a friction due to the expansion of the universe.

We can write the energy-momentum tensor of the scalar field

Tuu = 8u(258,,¢ — Guv L.
The corresponding energy density pys and pressure density P are

(Vo)?

¢2 vV
pr— —_ — 1
Too Po 2 + (¢) + 2a2 ( 75)
¢? (Vo)
Ty =Py=— —V(¢) — : 176
0= (9) — 6.2 (176)
Notice that, if the gradient term were dominant, we would obtain P, = —pg/3, not enough to drive

inflation. We can now split the inflaton field in

¢(t) = ¢o(t) + 06(x, 1),

where ¢y is the ‘classical’ (infinite wavelength) field, that is the expectation value of the inflaton field
on the initial isotropic and homogeneous state, while d¢(x,t) represents the quantum fluctuations
around ¢g. as for now, we will be only concerned with the evolution of the classical field ¢g. This
separation is justified by the fact that quantum fluctuations are much smaller than the classical
value and therefore negligible when looking at the classical evolution. To not be overwhelmed by
the notation, we will keep indicating from now on the classical value of the inflaton field by ¢. The

energy-momentum tensor becomes
2

Too = py = % + V(¢o) (177)
12
Ti = Py = 20— V(s0). (178)

If
V(¢o) >
we obtain the following condition
Py = —pg
From this simple calculation, we realize that a scalar field whose energy is dominant in the universe

and whose potential energy dominates over the kinetic term gives inflation! Inflation is driven by

the vacuum energy of the inflaton field.

6.5 Slow-roll conditions

Let us now quantify better under which circumstances a scalar field may give rise to a period of

inflation. The equation of motion of the field is

b0 +3Hdo + V'(¢o) =0 (179)
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If we require that qf)g < V(¢p), the scalar field is slowly rolling down its potential. This is the reason
why such a period is called slow-roll. We may also expect that — being the potential flat — b is
negligible as well. We will assume that this is true and we will quantify this condition soon. The

FRW equation becomes

N 8mGN
3

where we have assumed that the inflaton field dominates the energy density of the universe. The

H? Vi(¢o), (180)

new equation of motion becomes

3Hoy = —V' (), (181)

which gives ¢g as a function of V’ (¢o). Using Eq. (181) slow-roll conditions then require

N2
&p < V(o) = (VV) < H?

and

do < 3Hdy = V" < H?|

It is now useful to define the slow-roll parameters, € and 7 in the following way

R 1 V2
€T T T VONE T Ty (v !
1 V// 1vl/
"= e (7)) s
6 = n— :—(ﬁ—(.).
Hayg

It might be useful to have the same parameters expressed in terms of conformal time

Yy 12
€ = 1——:47TGN¢;32

H2
o
-8

0 = n—e=1

The parameter € quantifies how much the Hubble rate H changes with time during inflation. Notice
that, since

=H+H”=(1-¢ H?,

ISHIESE

—_

inflation can be attained only if € <
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INFLATION <= e<1.

As soon as this condition fails, inflation ends. In general, slow-roll inflation is attained if € < 1 and
|n| < 1. During inflation the slow-roll parameters e and 7 can be considered to be approximately

constant since the potential V(¢) is very flat.

Comment: In the following, we will work at first-order perturbation in the slow-roll parameters,
that is we will take only the first power of them. Since, using their definition, it is easy to see that
eEn =20 (62, 772), this amounts to saying that we will trat the slow-roll parameters as constant in

time.

Within these approximations, it is easy to compute the number of e-foldings between the begin-
ning and the end of inflation. If we indicate by ¢ ; and ¢¢ the values of the inflaton field at the
beginning and at the end of inflation, respectively, we have that the total number of e-foldings is

te

N = Hdt
t1
fons
~ H %
¢m,i (Z)O
ons do
2 0
- _3H /mi V,
T Ve
~ 87TGN/ qubo. (182)
(z)m,i

We may also compute the number of e-foldings AN which are left to go to the end of inflation

TN Ve
AN ~ 87Gx / 7 dév, (183)
f
where ¢an is the value of the inflaton field when there are AN e-foldings to the end of inflation.
1. Comment: A given scale length A = a/k leaves the horizon when k = aHj where Hy, is the
the value of the Hubble rate at that time. One can compute easily the rate of change of H,% as a

function of k

2 2 :
din HZ _ (dlnHk> ( dt > <dlna> _GH v H (180

dln k dt dlna dln k H H H?

2. Comment: Take a given physical scale A today which crossed the horizon scale during inflation.
A (le) e AN = )\ <TO> e AN = HI_1
ag Tk

52

This happened when



where AN) indicates the number of e-foldings from the time the scale crossed the horizon during
inflation and the end of inflation. This relation gives a way to determine the number of e-foldings

to the end of inflation corresponding to a given scale

A V14 T;
ANy =65+ (-2 ) 42m |-t ).
A= 0ot n (3000 Mpc) e (1014 GeV> . <1010 Gev>

Scales relevant for the CMB anisotropies correspond to AN ~60.

6.6 The last stage of inflation and reheating

Inflation ended when the potential energy associated with the inflaton field became smaller than the
kinetic energy of the field. By that time, any pre-inflation entropy in the universe had been inflated
away, and the energy of the universe was entirely in the form of coherent oscillations of the inflaton
condensate around the minimum of its potential. The universe may be said to be frozen after the
end of inflation. We know that somehow the low-entropy cold universe dominated by the energy of
coherent motion of the ¢ field must be transformed into a high-entropy hot universe dominated by
radiation. The process by which the energy of the inflaton field is transferred from the inflaton field
to radiation has been dubbed reheating. In the old theory of reheating, the simplest way to envision
this process is if the comoving energy density in the zero mode of the inflaton decays into normal
particles, which then scatter and thermalize to form a thermal background. It is usually assumed
that the decay width of this process is the same as the decay width of a free inflaton field.

Of particular interest is a quantity known usually as the reheat temperature, denoted as Try (so
far, we have indicated it with 7¢). The reheat temperature is calculated by assuming an instantaneous
conversion of the energy density in the inflaton field into radiation when the decay width of the
inflaton energy, I'y, is equal to H, the expansion rate of the universe.

The reheat temperature is calculated quite easily. After inflation the inflaton field executes

coherent oscillations about the minimum of the potential at some ¢g ~ ¢,

1 1
V(do) = 3V (6m)(60 — 6m)? = 5m2(0 — 6m)? (185)
Indeed, the equation of motion for ¢ is
b0 + 3H o +m?(¢o — ¢m) = 0, (186)
whose solution is
o0() = b (22)" cos m(t — )], (157)
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where t; denotes here the beginning of the oscillations. Since the period of the oscillation is much
shorter than the Hubble time, H > m, we can compute over many oscillations the the equation

satisfied by average energy density stored in the oscillating field

(ho) = <% < % + V(g0 ) >manyoscillations

= <¢0 (¢ + V(¢
_ < ( 3H ¢0) >
- 3H <¢0>many oscillations

= —3H{p,) , (188)
many oscillations

where we have used the equipartition property of the energy density during the oscillations <¢(2) /2) =
(V(0)) = (ps/2) and Eq. (174). The solution of Eq. (188) is (removing the symbol of averaging)

) >many oscillations

many oscillations

ar 3
po = (pa)us (2) - (189)
The Hubble expansion rate as a function of a is
87 (pg)m,i (ar)?
H%(q) = 2 Pe/mi (7) . 190

Equating H(a) and Iy, leads to an expression for ap/a. Now if we assume that all available coherent
energy density is instantaneously converted into radiation at this value of ag/a, we can find the
reheat temperature by setting the coherent energy density, ps = (pg)o(ao/a)?, equal to the radiation
energy density, pp = (72/30) g*TéH, where g, is the effective number of relativistic degrees of freedom

at temperature Try. The result is

90 1/4 200 1/4
Trgs — <87r39> i :0.2(g ) Niwr (191)

*

In some models of inflation reheating can be anticipated by a period of preheating when the the
classical inflaton field very rapidly (explosively) decays into ¢-particles or into other bosons due to
broad parametric resonance. This stage cannot be described by the standard elementary approach
to reheating based on perturbation theory. The bosons produced at this stage further decay into
other particles, which eventually become thermalized.

The presence of a preheating stage at the beginning of the reheating process is based on the
fact that, for some parameter ranges, there is a new decay channel that is non-perturbative: due to
the coherent oscillations of the inflaton field stimulated emissions of bosonic particles into energy

bands with large occupancy numbers are induced. The modes in these bands can be understood
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as Bose condensates, and they behave like classical waves. The back-reaction of these modes on
the homogeneous inflaton field and the rescattering among themselves produce a state that is far
from thermal equilibrium and may induce very interesting phenomena, such as non-thermal phase
transitions with production of a stochastic background of gravitational waves and of heavy particles
in a state far from equilibrium, which may constitute today the dark matter in our universe.

The idea of preheating is relatively simple, the oscillations of the inflaton field induce mixing
of positive and negative frequencies in the quantum state of the field it couples to because of the
time-dependent mass of the quantum field. Let us focus — for sake of simplicity — to the case of a
massive inflaton ¢ with quadratic potential V(¢) = %m2¢2 and coupled to a massless scalar field x
via the quartic coupling g?¢>x?.

The evolution equation for the Fourier modes of the x field with momentum k is

Xy + wiXy =0, (192)
with
Xk = ag/Z(t)ka
wi = K/d*(t) + *(D). (193)

This Klein-Gordon equation may be cast in the form of a Mathieu equation

Xy + [A(k) — 2q cos 22] Xy = 0, (194)
where z = mt and
k‘2
(I)2
2
= i 195
q et (195)

where @ is the amplitude and m is the frequency of inflaton oscillations, ¢(t) = ®(t) sin(mt). Notice

that, at least initially, if ® > Mp;
2

o M2
2 2¥p1
> 196
I am2 79 2 (196)
can be extremely large. If so, the resonance is broad. For certain values of the parameters (A, q)
there are exact solutions Xy and the corresponding number density nyx that grow exponentially with

time because they belong to an instability band of the Mathieu equation
X o< e = o e2Hemt (197)

where the parameter ux depends upon the instability band and, in the broad resonance case, g > 1,

it is ~ 0.2.
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These instabilities can be interpreted as coherent “particle” production with large occupancy
numbers. One way of understanding this phenomenon is to consider the energy of these modes as
that of a harmonic oscillator, Ey = [Xy|2/2 + wi| Xy |?/2 = wi(nk + 1/2). The occupancy number
of level k can grow exponentially fast, nx ~ exp(2uxmt) > 1, and these modes soon behave like
classical waves. The parameter g during preheating determines the strength of the resonance. It is
possible that the model parameters are such that parametric resonance does not occur, and then the
usual perturbative approach would follow, with decay rate I's. In fact, as the universe expands, the
growth of the scale factor and the decrease of the amplitude of inflaton oscillations shifts the values
of (4, q) along the stability /instability chart of the Mathieu equation, going from broad resonance,
for ¢ > 1, to narrow resonance, ¢ < 1, and finally to the perturbative decay of the inflaton.

It is important to notice that, after the short period of preheating, the universe is likely to enter
a long period of matter domination where the biggest contribution to the energy density of the
universe is provided by the residual small amplitude oscillations of the classical inflaton field and/or
by the inflaton quanta produced during the back-reaction processes. This period will end when the
age of the universe becomes of the order of the perturbative lifetime of the inflaton field, ¢t ~ F;l. At
this point, the universe will be reheated up to a temperature Tgy obtained applying the old theory

of reheating described previously.

6.7 A brief survey of inflationary models

Even restricting ourselves to a simple single-field inflation scenario, the number of models available
to choose from is large. It is convenient to define a general classification scheme, or “zoology” for
models of inflation. We divide models into three general types: large-field, small-field, and hybrid,
with a fourth classification. A generic single-field potential can be characterized by two independent
mass scales: a “height” A* corresponding to the vacuum energy density during inflation, and a

“width” pu, corresponding to the change in the field value A¢ during inflation:

V() =A'f (ﬁ) : (198)

Different models have different forms for the function f. Let us now briefly describe the different

class of models.

6.7.1 Large-field models

Large-field models are potentials typical of the “chaotic” inflation scenario, in which the scalar
field is displaced from the minimum of the potential by an amount usually of order the Planck
mass. Such models are characterized by V" (¢) > 0, and —e < § < e. The generic large-field

potentials we consider are polynomial potentials V (¢) = A*(¢/u)?, and exponential potentials,
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V(¢)

¢ (inflaton)

Figure 11: Large field models of inflation.

V (¢) = Atexp(¢/p). In the chaotic inflation scenario, it is assumed that the universe emerged
from a quantum gravitational state with an energy density comparable to that of the Planck density.
This implies that V(¢) ~ Mf%l and results in a large friction term in the Friedmann equation.
Consequently, the inflaton will slowly roll down its potential. The condition for inflation is therefore

satisfied and the scale factor grows as
a(t) = age S HE) (199)

The simplest chaotic inflation model is that of a free field with a quadratic potential, V (¢) = m2¢?/2,

where m represents the mass of the inflaton. During inflation the scale factor grows as
a(t) = a162ﬂ(¢fn,r¢2(t)) (200)

and inflation ends when ¢ = O Mpy. If inflation begins when V (¢m ;) ~ Mf,ll, the scale factor grows
by a factor exp(4mMg,/m?) before the inflaton reaches the minimum of its potential. We will later
show that the mass of the field should be m ~ 10~%Mp, if the microwave background constraints are
to be satisfied. This implies that the volume of the universe will increase by a factor of Z3 ~ 103x10*
and this is more than enough inflation to solve the problems of the hot big bang model.

In the chaotic inflationary scenarios, the present-day universe is only a small portion of the
universe which suffered inflation! Notice also that the typical values of the inflaton field during

inflation are of the order of Mpj, giving rise to the possibility of testing planckian physics.

6.7.2 Small-field models

Small-field models are the type of potentials that arise naturally from spontaneous symmetry break-
ing (such as the original models of “new” inflation and from pseudo Nambu-Goldstone modes (natural
inflation). The field starts from near an unstable equilibrium (taken to be at the origin) and rolls

down the potential to a stable minimum. Small-field models are characterized by V" (¢) < 0 and
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V(¢)

¢ (inflaton)

Figure 12: Small field models of inflation.

n < —e. Typically € is close to zero. The generic small-field potentials we consider are of the form
V (¢) = A*[1 — (¢/p)?], which can be viewed as a lowest-order Taylor expansion of an arbitrary

potential about the origin.

6.7.3 Hybrid models

The hybrid scenario frequently appears in models which incorporate inflation into supersymmetry
and supergravity. In a typical hybrid inflation model, the scalar field responsible for inflation evolves
toward a minimum with nonzero vacuum energy. The end of inflation arises as a result of instability
in a second field. Such models are characterized by V" (¢) > 0 and 0 < € < §. We consider generic
potentials for hybrid inflation of the form V (¢) = A*[1 + (¢/u)?]. The field value at the end of
inflation is determined by some other physics, so there is a second free parameter characterizing

the models. This enumeration of models is certainly not exhaustive. There are a number of single-

V(¢)

¢ (inflaton)
Figure 13: Hybrid field models of inflation.

field models that do not fit well into this scheme, for example logarithmic potentials V' (¢) o In (¢)

typical of supersymmetry. Another example is potentials with negative powers of the scalar field
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V (¢) o< ¢7P used in intermediate inflation and dynamical supersymmetric inflation. Both of these
cases require and auxilliary field to end inflation and are more properly categorized as hybrid models,
but fall into the small-field class. However, the three classes categorized by the relationship between
the slow-roll parameters as —e < ¢ < e (large-field), 6 < —e (small-field) and 0 < € < § (hybrid)

seems to be good enough for comparing theoretical expectations with experimental data.

Part IV
Inflation and the cosmological

perturbations

As we have seen in the previous section, the early universe was made very nearly uniform by a pri-
mordial inflationary stage. However, the important caveat in that statement is the word ‘nearly’. As
we shall see, our current understanding of the origin of structure in the universe is that it originated
from small ‘seed’ perturbations, which over time grew to become all of the structure we observe.
Once the universe becomes matter dominated (around 1000 yrs after the bang) primeval density
inhomogeneities (6p/p ~ 107°) are amplified by gravity and grow into the structure we see today.
The fact that a fluid of self-gravitating particles is unstable to the growth of small inhomogeneities
was first pointed out by Jeans and is known as the Jeans instability. Furthermore, the existence of
these inhomogeneities is confirmed by detailed measurements of the CMB anisotropies; the tempera-
ture anisotropies detected almost certainly owe their existence to primeval density inhomogeneities,
since, as we have seen, causality precludes microphysical processes from producing anisotropies on
angular scales larger than about 1°, the angular size of the horizon at last-scattering.

Let us just anticipate for the sake of the argument that the growth of small matter inhomo-
geneities of wavelength smaller than the Hubble scale (A < H~!) is governed by a Newtonian
equation:

. . k2
Ok + 2H 0y + 2}3?(51( = 47GNPNRIK, (201)

where v2 = Op/dpNr is the square of the sound speed and we have expanded the perturbation to

the matter density in plane waves

dpNR(X, 1) 1 / 3 —ik
= d°k oy (t)e %, 202
N E k(t) (202)

Competition between the pressure term and the gravity term on the rhs of Eq. (201) determines

whether or not pressure can counteract gravity: perturbations with wavenumber larger than the
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Jeans wavenumber, k?] = 4nGna’pnr/v?, are Jeans stable and just oscillate; perturbations with
smaller wavenumber are Jeans unstable and can grow.

Let us discuss solutions to this equation under different circumstances. First, consider the Jeans
problem, evolution of perturbations in a static fluid, i.e., H = 0. In this case Jeans unstable
perturbations grow exponentially, dx o< exp(t/7) where 7 = 1/y/4GNmpNr. Next, consider the
growth of Jeans unstable perturbations in a MD universe, i.e., H?> = 87GNpnr/3 and a t2/3.
Because the expansion tends to “pull particles away from one another,” the growth is only power
law, d, o 2/3; i.e., at the same rate as the scale factor. Finally, consider a RD universe. In this case,
the expansion is so rapid that matter perturbations grow very slowly, as Ina in RD epoch. Therefore,
perturbations may grow only in a MD period. Once a perturbation reaches an overdensity of order
unity or larger it “separates” from the expansion —i.e., becomes its own self-gravitating system and
ceases to expand any further. In the process of virial relaxation, its size decreases by a factor of

two—density increases by a factor of 8; thereafter, its density contrast grows as a®

since the average
matter density is decreasing as a2, though smaller scales could become Jeans unstable and collapse
further to form smaller objects of higher density.

In order for structure formation to occur via gravitational instability, there must have been small
preexisting fluctuations on physical length scales when they crossed the Hubble radius in the RD
and MD eras. In the standard Big-Bang model these small perturbations have to be put in by
hand, because it is impossible to produce fluctuations on any length scale while it is larger than the
horizon. Since the goal of cosmology is to understand the universe on the basis of physical laws,
this appeal to initial conditions is unsatisfactory. The challenge is therefore to give an explanation
to the small seed perturbations which allow the gravitational growth of the matter perturbations.

Our best guess for the origin of these perturbations is quantum fluctuations during an inflationary
era in the early universe. Although originally introduced as a possible solution to the cosmological
conundrums such as the horizon, flatness and entopy problems, by far the most useful property of
inflation is that it generates spectra of both density perturbations and gravitational waves. These
perturbations extend from extremely short scales to scales considerably in excess of the size of the
observable universe.

During inflation the scale factor grows quasi-exponentially, while the Hubble radius remains
almost constant. Consequently the wavelength of a quantum fluctuation — either in the scalar field
whose potential energy drives inflation or in the graviton field — soon exceeds the Hubble radius.
The amplitude of the fluctuation therefore becomes ‘frozen in’. This is quantum mechanics in action
at macroscopic scales!

According to quantum field theory, empty space is not entirely empty. It is filled with quantum
fluctuations of all types of physical fields. The fluctuations can be regarded as waves of physical

fields with all possible wavelenghts, moving in all possible directions. If the values of these fields,
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averaged over some macroscopically large time, vanish then the space filled with these fields seems
to us empty and can be called the vacuum.

In the exponentially expanding universe the vacuum structure is much more complicated. The
wavelenghts of all vacuum fluctuations of the inflaton field ¢ grow exponentially in the expnading
universe. When the wavelength of any particular fluctuation becomes greater than H !, this fluc-
tuation stops propagating, and its amplitude freezes at some nonzero value d¢ because of the large
friction term 3Hd¢ in the equation of motion of the field d¢. The amplitude of this fuctuation
then remains almost unchanged for a very long time, whereas its wavelength grows exponentially.
Therefore, the appearance of such frozen fluctuation is equivalent to the appearance of a classical
field d¢ that does not vanish after having averaged over some macroscopic interval of time. Because
the vacuum contains fluctuations of all possible wavelength, inflation leads to the creation of more
and more new perturbations of the classical field with wavelength larger than the horizon scale.

Once inflation has ended, however, the Hubble radius increases faster than the scale factor, so the
fluctuations eventually reenter the Hubble radius during the radiation- or MD eras. The fluctuations
that exit around 60 e-foldings or so before reheating reenter with physical wavelengths in the range
accessible to cosmological observations. These spectra provide a distinctive signature of inflation.
They can be measured in a variety of different ways including the analysis of microwave background
anisotropies.

The physical processes which give rise to the structures we observe today are well-explained in
Fig. 14.

log Ry ; log A

e :

Iog'a

Figure 14: A schematic representation of the generation of quantum fluctuations during inflation.

Since gravity talks to any component of the universe, small fluctuations of the inflaton field are
intimately related to fluctuations of the space-time metric, giving rise to perturbations of the curva-
ture R (which will be defined in the following; the reader may loosely think of it as a gravitational

potential). The wavelenghts A of these perturbations grow exponentially and leave soon the horizon
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when A > Ry. On superHubble scales, curvature fluctuations are frozen in and may be considered as
classical. Finally, when the wavelength of these fluctuations reenters the horizon, at some radiation-
or MD epoch, the curvature (gravitational potential) perturbations of the space-time give rise to
matter (and temperature) perturbations dp via the Poisson equation. These fluctuations will then
start growing giving rise to the structures we observe today.

In summary, two are the key ingredients for understanding the observed structures in the universe

within the inflationary scenario:

e Quantum fluctuations of the inflaton field are excited during inflation and stretched to cos-
mological scales. At the same time, being the inflaton fluctuations connected to the metric
perturbations through Einstein’s equations, ripples on the metric are also excited and stretched

to cosmological scales.

e Gravity acts a messanger since it communicates to baryons and photons the small seed per-

turbations once a given wavelength becomes smaller than the horizon scale after inflation.

Let us know see how quantum fluctuations are generated during inflation. We will proceed by
steps. First, we will consider the simplest problem of studying the quantum fluctuations of a generic
scalar field during inflation: we will learn how perturbations evolve as a function of time and compute
their spectrum. Then — since a satisfactory description of the generation of quantum fluctuations
have to take both the inflaton and the metric perturbations into account — we will study the system

composed by quantum fluctuations of the inflaton field and quantum fluctuations of the metric.

7 Quantum fluctuations of a generic massless scalar

field during inflation

Let us first see how the fluctuations of a generic scalar field y, which is not the inflaton field, behave
during inflation. To warm up we first consider a de Sitter epoch during which the Hubble rate is

constant.

7.1 Quantum fluctuations of a generic massless scalar field during
a de Sitter stage

We assume this field to be massless. The massive case will be analyzed in the next subsection.

Expanding the scalar field x in Fourier modes

Bk
Ix(x,t) —/ 32 X Sy (t),



we can write the equation for the fluctuations as
2

k
Sxk + 3H dxx +

30 =0. (203)

Let us study the qualitative behaviour of the solution to Eq. (203).

e For wavelengths within the Hubble radius, A < H !, the corresponding wavenumber satisfies
the relation k > a H. In this regime, we can neglect the friction term 3H dxx and Eq. (203)
reduces to

]{2
Oxk + P oxk =0, (204)
which is — basically — the equation of motion of an harmonic oscillator. Of course, the fre-
quency term k%/a? depends upon time because the scale factor a grows exponentially. On the
qualitative level, however, one expects that when the wavelength of the fluctuation is within

the horizon, the fluctuation oscillates.

e For wavelengths above the Hubble radius, A > H~!, the corresponding wavenumber satisfies

the relation k < aH and the term k%/a? can be safely neglected. Eq. (203) reduces to
Oxkx +3H oxx =0, (205)
which tells us that on superHubble scales §xy remains constant.

We have therefore the following picture: take a given fluctuation whose initial wavelength A ~ a/k
is within the Hubble radius. The fluctuations oscillates till the wavelength becomes of the order of
the horizon scale. When the wavelength crosses the Hubble radius, the fluctuation ceases to oscillate
and gets frozen in.

Let us know study the evolution of the fluctuation is a more quantitative way. To do so, we
perform the following redefinition

6Xk:&£
a

and we work in conformal time d7 = d¢/a. For the time being, we solve the problem for a pure de
Sitter expansion and we take the scale factor exponentially growing as a ~ e*; the corresponding
conformal factor reads (after choosing properly the integration constants)

a(t) = —HLT (1 <0).

In the following we will also solve the problem in the case of quasi de Sitter expansion. The beginning
of inflation coincides with some initial time 7, ; < 0. Using the set of rules (139), we find that Eq.
(203) becomes

a//
Sop + <k2 — a) doyx = 0. (206)
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We obtain an equation which is very ‘close’ to the equation for a Klein-Gordon scalar field in flat
space-time, the only difference being a negative time-dependent mass term —a”/a = —2/72. Eq.

(206) can be obtained from an action of the type

Lo 1, d 2
(SSk: dr 550'1( —5 k —; (SO'k y (207)

which is the canonical action for a simple harmonic oscillator with canonical commutation relations

Sopdoy — doydoy = —i. (208)

Let us study the behaviour of this equation on subHubble and superHubble scales. Since

k

S
aH T

on subHubble scales k% > a”/a Eq. (206) reduces to
Son + k? oy = 0,

whose solution is a plane wave

o = " (k> al), (209)

We find again that fluctuations with wavelength within the horizon oscillate exactly like in flat
space-time. This does not come as a surprise. In the ultraviolet regime, that is for wavelengths
much smaller than the Hubble radius scale, one expects that approximating the space-time as flat
is a good approximation.

On superHubble scales, k? < a”/a Eq. (206) reduces to

a//

dop — —dox =0
Uk a Ok 5
which is satisfied by
dox = B(k)a (k< aH). (210)

where B(k) is a constant of integration. Roughly matching the (absolute values of the) solutions

(209) and (210) at k = aH (—k7 = 1), we can determine the (absolute value of the) constant B(k)

Blh)la = = = 1Bl = —— =

Going back to the original variable dxx, we obtain that the quantum fluctuation of the y field on

superHubble scales is constant and approximately equal to

O] =~ —
Xk| = s

(ON superHubble SCALES)
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In fact we can do much better, since Eq. (206) has an ezact solution:

b = <1 ! > (211)
O = —— .
kT 2k kT

This solution reproduces all what we have found by qualitative arguments in the two extreme regimes

k < aH and k > aH. The reason why we have performed the matching procedure is to show that
the latter can be very useful to determine the behaviour of the solution on superHubble scales when

the exact solution is not known.

7.2 Quantum fluctuations of a generic massive scalar field during
a de Sitter stage

So far, we have solved the equation for the quantum perturbations of a generic massless field, that
is neglecting the mass squared term mi Let us know discuss the solution when such a mass term
is present. Eq. (206) becomes

oy + [k* + M?(7)] dox = 0, (212)
where

m2
M?3(7) = (m?< - 2H2) a?(t) = % (HZ — 2) )

Eq. (212) can be recast in the form

1 1
0{('+[k27_2<)2<4>]50k: : (213)

9 m2
2 _ X
V2= <4 - 2) : (214)

The generic solution to Eq. (212) for v, real is

where

o1 = V= [ex(k) Hyy (—k7) + ea(k) HP (~k)]

where H,, and H,Ez) are the Hankel’s functions of the first and second kind, respectively. If we
impose that in the ultraviolet regime k£ > aH (—k7 > 1) the solution matches the plane-wave

solution e~**7 /y/2k that we expect in flat space-time and knowing that

ME]

2 . us us 2 ; us
H, (e 1) ~ = 750 B @ 1) ~ [ = enilminoi),

™

we set ca(k) =0 and ¢1(k) = 4 ¢/("+2)5 . The exact solution becomes

So = X ¢int3)5 /=7 H,, (—kr). (215)
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On superHubble scales, since H,, (z < 1) ~ /2/7 e i% 3 (D'(vy)/T(3/2)) ~¥x, the fluctuation

(215) becomes

S = el DEon-H T Ly

I'(3/2) V2K

Going back to the old variable §xy, we find that on superHubble scales, the fluctuation with nonva-

nishing mass is not exactly constant, but it acquires a tiny dependence upon the time

o] ~ 2 (- o (ON superHubble SCALES)
Xk| = — superHubble
v/ 2k3 <aH)

If we now define, in analogy with the definition of the slow roll parameters 7 and € for the inflaton

field, the parameter 7, = (m2/3H?) < 1, one finds

3

s e (216)

7.3 Quantum to classical transition

We have previously said that the quantum flactuations can be regarded as classical when their
corresponding wavelengths cross the horizon. To better motivate this statement, we should compute
the number of particles ny per wavenumber k on superHubble scales and check that it is indeed
much larger than unity, nx > 1 (in this limit one can neglect the “quantum” factor 1/2 in the
Hamiltonian Hy = wg (nk + %) where wy is the energy eigenvalue). If so, the fluctuation can be
regarded as classical. The number of particles ny can be estimated to be of the order of Hy /wy,

where Hy is the Hamiltonian corresponding to the action

0SSk = / dr [;503 + % (k* — M?(7)) 5012(] . (217)

One obtains on superHubble scales

M2(7) |6y k7P
e O (VD
wk aH

which confirms that fluctuations on superHubble scales may be indeed considered as classical.

7.4 The power spectrum

Let us define now the power spectrum, a useful quantity to characterize the properties of the per-

turbations. For a generic quantity g(x,t), which can expanded in Fourier space as
Bk
X,t) = | —— XX g (1),
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the power spectrum can be defined as

272

(0lgk, 91,10) = 6 (et + ko) - Py k), (218)

where |0) is the vacuum quantum state of the system. This definition leads to the relation

01 (x.010) = [ R0 (219)

7.5 Quantum fluctuations of a generic scalar field in a quasi de
Sitter stage

So far, we have computed the time evolution and the spectrum of the quantum flutuations of a
generic scalar field xy supposing that the scale factor evolves like in a pure de Sitter expansion,
a(t) = —1/(HT). However, during inflation the Hubble rate is not exactly constant, but changes
with time as H = —e H? (quasi de Sitter expansion), In this subsection, we will solve for the
perturbations in a quasi de Sitter expansion. Using the definition of the conformal time, one can

show that the scale factor for small values of € becomes

(7) = 1 1
=TT A - e
Eq. (212) has now a squared mass term
"
M2(r) = m2a2 — &
(1) =m2a? =2,
where
a” 2 (G 2 2 (r 2
S -y - o (H+2H)
a a
9 _
— a2(2—e)H2:7( 6)2
72 (1 —¢)
1
~ 5 (2+30). (220)

Taking mi /H? = 31, and expanding for small values of € and n we get Eq. (213) with
3
Vx = 5 T €~ (221)
Armed with these results, we may compute the variance of the perturbations of the generic y field
d3k
Sx(x,1)210) = | s |0xkl?
Ol Ex6?10) = [ 55 1o
dk k3 9
= —— 19
/ k 27‘(’2 | Xk‘
dk
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which defines the power spectrum of the fluctuations of the scalar field x

kS

775)((’“)

Since we have seen that fluctuations are (nearly) frozen in on superHubble scales, a way of char-

acterizing the perturbations is to compute the spectrum on scales larger than the horizon. For a

Poylk) = (;{) (’;)3 . (224)

We may also define the spectral index ns, of the fluctuations as

massive scalar field, we obtain

_ dInPsy
nox — 1=~y

=3 —2vy = 2n, — 2e.

The power spectrum of fluctuations of the scalar field x is therefore nearly flat, that is is nearly
independent from the wavelength A = 7/k: the amplitude of the fluctuation on superHubble scales
does not (almost) depend upon the time at which the fluctuations crosses the horizon and becomes
frozen in. The small tilt of the power spectrum arises from the fact that the scalar field y is massive
and because during inflation the Hubble rate is not exactly constant, but nearly constant, where
‘nearly’ is quantified by the slow-roll parameters e. Adopting the traditional terminology, we may
say that the spectrum of perturbations is blue if ngs, > 1 (more power in the ultraviolet) and red if
nsy < 1 (more power in the infrared). The power spectrum of the perturbations of a generic scalar
field x generated during a period of slow roll inflation may be either blue or red. This depends upon
the relative magnitude between 7, and e. For instance, in chaotic inflation with a quadric potential
V(¢) = m?¢?/2, one can easily compute

— m2) ,

(m3

ney — 1 =20 — 2e = X

3H?
which tells us that the spectrum is blue (red) if mi > mi (m?< > m?).

Comment: We might have computed the spectral index of the spectrum Ps, (k) by first solving
the equation for the perturbations of the field x in a di Sitter stage, with H = constant and therefore
€ = 0, and then taking into account the time-evolution of the Hubble rate introducing the subscript
in Hj whose time variation is determined by Eq. (184). Correspondingly, Hy is the value of the
Hubble rate when a given wavelength ~ k! crosses the horizon (from that point on the fluctuations

remains frozen in). The power spectrum in such an approach would read

Poy (k) = (Z’;)z (’j{)“ (225)
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with 3 — 2v, ~n,. Using Eq. (184), one finds

dlnPsy  dinH ,3
Ny — 1= =
dln k dln k

which reproduces our previous findings.

+3—=2v, =20, — 2¢

Comment: Since on superHubble scales

S (B T g (2
v \a) Ty T M el )]

we discover that

0| = |H (0 — €) x| < [H dxe (226)

that is on superHubble scales the time variation of the perturbations can be safely neglected.

8 Quantum fluctuations during inflation

As we have mentioned in the previous section, the linear theory of the cosmological perturbations
represent a cornerstone of modern cosmology and is used to describe the formation and evolution
of structures in the universe as well as the anisotrpies of the CMB. The seeds for these inhome-
geneities were generated during inflation and stretched over astronomical scales because of the rapid
superluminal expansion of the universe during the (quasi) de Sitter epoch.

In the previous section we have already seen that pertubations of a generic scalar field x are
generated during a (quasi) de Sitter expansion. The inflaton field is a scalar field and, as such, we
conclude that inflaton fluctuations will be generated as well. However, the inflaton is special from
the point of view of perturbations. The reason is very simple. By assumption, the inflaton field
dominates the energy density of the universe during inflation. Any perturbation in the inflaton field

means a perturbation of the stress energy-momentum tensor

0 = 0T,

A perturbation in the stress energy-momentum tensor implies, through Einstein’s equations of mo-

tion, a perturbation of the metric

1
0Ty, = |0R — 55 (guwR)| =81GéTy, = 0.

On the other hand, a pertubation of the metric induces a backreaction on the evolution of the

inflaton perturbation through the perturbed Klein-Gordon equation of the inflaton field
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S = 6 (a,ﬁ% + ?;) =0 = ¢,

This logic chain makes us conclude that the perturbations of the inflaton field and of the metric are

tightly coupled to each other and have to be studied together

0¢ <= 09,

As we will see shortly, this relation is stronger than one might thought because of the issue of gauge
invariance.

Before launching ourselves into the problem of finding the evolution of the quantum perturbations
of the inflaton field when they are coupled to gravity, let us give a heuristic explanation of why we
expect that during inflation such fluctuations are indeed present.

If we take Eq. (174) and split the inflaton field as its classical value ¢g plus the quantum
flucutation d¢, ¢(x,t) = ¢o(t) + 0p(x,t), the quantum perturbation d¢ satisfies the equation of
motion

V235¢
(12

8¢+ 3H 66 — + V"84 =0. (227)

Differentiating Eq. (179) with respect to time and taking H constant (de Sitter expansion) we find
(d0)" +3Hdo+ V" do = 0. (228)

Let us consider for simplicity the limit k/a < 1 and let us disregard the gradient term. Under this
condition we see that ¢o and d¢ solve the same equation. The solutions have therefore to be related

to each other by a constant of proportionality which depends upon time, that is

8¢ = —g Ot (x). (229)

This tells us that ¢(x,t) will have the form

[o(x,1) = o (x,t = 6t(x)) .|

This equation indicates that the inflaton field does not acquire the same value at a given time ¢ in all
the space. On the contrary, when the inflaton field is rolling down its potential, it acquires different
values from one spatial point x to the other. The inflaton field is not homogeneous and fluctuations

are present. These fluctuations, in turn, will induce fluctuations in the metric.
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8.1 The metric fluctuations

The mathematical tool do describe the linear evolution of the cosmological perturbations is obtained
by perturbing at the first-order the FRW metric g,(g,),

gw = 9D+ guxt); g < g (230)

The metric perturbations can be decomposed according to their spin with respect to a local rotation

of the spatial coordinates on hypersurfaces of constant time. This leads to

e scalar perturbations
e vector perturbations

e tensor perturbations

Tensor perturbations or gravitational waves have spin 2 and are the “true” degrees of freedom
of the gravitational fields in the sense that they can exist even in the vacuum. Vector perturbations
are spin 1 modes arising from rotational velocity fields and are also called vorticity modes. Finally,
scalar perturbations have spin 0.

Let us make a simple exercise to count how many scalar degrees of freedom are present. Take a
space-time of dimensions D = n + 1, of which n coordinates are spatial coordinates. The symmetric
metric tensor g, has 1(n + 2)(n + 1) degrees of freedom. We can perform (n + 1) coordinate
transformations in order to eliminate (n+1) degrees of freedom, this leaves us with %n(n—i— 1) degrees
of freedom. These %n(n + 1) degrees of freedom contain scalar, vector and tensor modes. According
to Helmholtz’s theorem we can always decompose a vector U; (i = 1,---,n) as U; = 9v + v;,
where v is a scalar (usually called potential flow) which is curl-free, vj; ; = 0, and v; is a real
vector (usually called vorticity) which is divergence-free, V - v = 0. This means that the real vector
(vorticity) modes are (n—1). Furthermore, a generic traceless tensor II;; can always be decomposed
as IL;; = 15 + 1Y, + 117, where I, = (_’%’k]‘ %@j) I, 1Y, = (—i/2k) (il + k;1L;) (KT = 0)

K k2
and Klﬂz; = 0. This means that the true symmetric, traceless and transverse tensor degreees of
freedom are % (n — 2)(n + 1).
The number of scalar degrees of freedom are therefore

1 1
in(n—kl)—(n—l)—i(n—Q)(n—i-l):2,

while the degrees of freedom of true vector modes are (n—1) and the number of degrees of freedom of
true tensor modes (gravitational waves) are 3(n—2)(n+1). In four dimensions n = 3, meaning that
one expects 2 scalar degrees of freedom, 2 vector degrees of freedom and 2 tensor degrees of freedom.

As we shall see, to the 2 scalar degrees of freedom from the metric, one has to add an another one,
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the inflaton field perturbation d¢. However, since Einstein’s equations will tell us that the two scalar
degrees of freedom from the metric are equal during inflation, we expect a total number of scalar
degrees of freedom equal to 2.

At the linear order, the scalar, vector and tensor perturbations evolve independently (they de-
couple) and it is therefore possible to analyze them separately. Vector perturbations are not excited
during inflation because there are no rotational velocity fields during the inflationary stage. We will
analyze the generation of tensor modes (gravitational waves) in the following. For the time being
we want to focus on the scalar degrees of freedom of the metric.

Considering only the scalar degrees of freedom of the perturbed metric, the most generic per-

turbed metric reads

Y 8B o)
- 0;B (1 — 2\If) 51']‘ + Dz]E ’

while the line-element can be written as
ds? = @*((-1—2@®)dr* + 20;Bdrda’ + ((1 —2V)8; + D E) dz'da?). (232)

Here Dij == (828] - %523 V2)

We now want to determine the inverse g of the metric at the linear order

9" gow = 0L. (233)
We have therefore to solve the equations
(gﬁf)“ + g’w‘) <g&03 + gau) =y, (234)

where géLOC; is simply the unperturbed FRW metric. Since

we can write in general
g = %(—1 + X) ;5
% = %81'}/;
g7 = % (1 +22)67 + DYK). (236)

Plugging these expressions into Eq. (234) we find for py =v =0
(-1 4+ X)(~=1 — 2®) + 'Y 9;B = 1. (237)
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Neglecting the terms —2® - X e 0'Y - 9;B because they are second-order in the perturbations, we

find
1-X+20=1 = X =20.

Analogously, the components p =0, v =i of Eq. (234) give
(=1 +2®)(9;B) + ¥Y[(1 — 2¥)4;; + D;E] = 0.
At the first-order, we obtain
—0;B 4+ 0;Y =0 = Y=28.
Finally, the components u =14, v = j give
9 BO;B + ((1 +22)5% + DikK) (1—2W)s; + DyE) = 5.

Neglecting the second-order terms, we obtain

(1 -2V +22)0, + DIE+ DK =6,=2=¥; K=—-E.

The metric g"” finally reads

1 [ -14+2d 0'B
a’ OB (1+20)5 — DIE

8.2 Perturbed affine connections and Einstein’s tensor

(238)

(239)

(240)

(241)

(242)

(243)

In this subsection we provide the reader with the perturbed affine connections and Einstein’s tensor.

First, let us list the unperturbed affine connections

!/ / /!
a

0 a i i 0o _ & 5 .
Too = 0j = 35;‘) iy = E(Sij’

i _ 0o _ i _
w = Lo = g = 0.
The expression for the affine connections in terms of the metric is

1 0 0 0
%7 _ 2gap< 9oy n 98p 957)

OxP oz oxP

which implies

P oxY OxP
go° (85907 T 9dgsp 85957) 7

M%w _ 5g°° (agm 993 agﬁv)

+ ozh oxY oxP

N~ N

or in components

6Ty = @ ;
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(246)

(247)

(248)



0 a’
a

/
STiy = LB + 0B + 9'd;
a

0 a a , a’ 1 y
6Fij7: —25<I>5,~j — 818]3 — 251/]5”_ LG 52‘]‘ — EDijE + iDijE ;
, 1
5F6] = —‘;[l/dij =+ §DijE/ ;

. ) ) ) I 1 ) 1 . 1 .
oT%, = ;U 5, — QWb + D5y — %alB Skt 5 ODLE + S ODE — SO DyE.

We may now compute the Ricci scalar defines as

Ry = 915, — 9,15, + %19, — 9,17, .

oo pv

Its variation at the first-order reads

SRy, = 00T

pv

— 9,018, + ore, 9, + I, 6r9,

oo~ pv

— 0TS, T, — T2, 6T, .

The background values are given by

" !/

2
R00:*3af+3(a*) ; Ry, = 0;
a a

"

- (5 ()

which give
a/ ) ) ) a/ a/
0Ryp = —0;0'B + 8i8’B’ + 0;0'® + 3" +3=-0 + 3@ ;
a a a

a’ a 2 ) a 1 o
a a a

a a a’ a 2
SRy = (— To 5%y 2% ¢ 2 () o
a a a a
"

N\ 2 /
~ 2% g9 <“> U0 4 9,080 — CiakakB)csij
a a a

a/ a// (L/ 2
— 0,0;B'"+ —D;;E'+ —D;;E + () Di; E
a a a
1 " a’
+ §Dz’jE + 9;0;V — 9,0;,® — zgaiajB
1 1 1
+ §6k8iD§E + §8kajDz]‘€E - QakakDijE ;
The perturbation of the scalar curvature

R = gua Ra,ua
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(250)

(251)

(252)

(253)

(254)

(255)

(256)

(257)

(258)

(259)
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for which the first-order perturbation is
R = 0g"" Roy + 9" OR,,, .

The background value is

6 al/
R=——
a2
while from Eq. (261) one finds
1 a o i ! i "
oR = —(~620,0'B - 20,0'B - 20,0'0 - 6¥
a a

"

a ! a l a 7 i K
~ 6290 — 1820 — 1220 + 49,00 + 9,0'D! E)
a a a
Finally, we may compute the perturbations of the Einstein tensor

1
Guu = R;w - §g,u1/Ra

whose background components are

!/

G00=3(%>2; Go =0 Gy= (2% (2))ey

At first-order, one finds

1 1
5GMV = 5Rl“/ — §5gMVR — igMV(SR’

or in components

/ /
| o
6Goo = =22 0,0 B— 6= W' +20,0' ¥ + - 9,0’ D] E;
a a

a” a'\? , 1 K o a
060Gy = —2— 0;B+ | — 0;B +20; ¥ + §8k Di E —|—2f8i(1);
a a a

a . a . a’ a 2
5Gij = 2— P +4— T —|—4<I>—2(> P
a a a a
a a 2
- 4@—2() U+ 20" — 9,08 U
a a

! 1
+ 2% k0" B + Op0* B + 00" + 50,0™ D}, E) 5ij

"

’
— 6¢8JB’ + 618]\11 — 618JA + @ DijE, -2 a DijE
a a
a\? 1 L1 .
1, 1, . a’
+ 58 8jDikE — iaka DijE -2 E(‘)ZajB .

5

(261)

(262)

(263)

(264)

(265)

(266)

(267)

(268)

(269)



For convenience, we also give the expressions for the pertubations with one index up and one index

down

0Gh = 0(g" Gaw)
= 59#0{ Gaov + g“a 0Gay (270)
or in components
1 / 2 ! / . . 1 .
0G) = — [6 (L)@ +62w +2%0,6'B - 20,0'w - _ 0,0 Df‘E] : (271)
a a a a 2
0 1 a/ / 1 K
§GY = = |—2=8;® — 20,V — =9, DEE'| . (272)
a? a 2
A 1 / " '\2 - :
0G5 = [(”qﬂ 450 - 2(2) 0+ 00 + 45V 4 20
a a a a a

. / . . 1 .
— 0,00 +220,0'B + 0,0'B' + 26k8menE> 5

a/

| | a | | 1
— 000 + 99,V — 27-0'9;B — 0'9;B' + —DJE' + J DiE"

a

1. 1 : 1 :
+ 500 DIE + 5 Ok0; D*E — Qakak D;E} : (273)

8.3 Perturbed stress energy-momentum tensor

As we have seen previously, the perturbations of the metric are induced by the perturbations of the

stress energy-momentum tensor of the inflaton field

T;u/ = u¢au¢ - Guv <; ga,é’ 8a¢aﬁ¢ + V(¢)> ’ (274)

whose background values are

1
T = 50" + V(9)d;
Toi = 0;
Ty = <; ¢ — V(o) a2> 8ij - (275)
The perturbed stress energy-momentum tensor reads
1
0 = 0.000,¢ + 0,090,060 — 0 (2 g*f Oa® Ogd + V(¢)>
1 oV oV
- aﬁ CYIB - R
o (3097 000090 + 4 0u60.030 + 560 + T50) (276)
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In components we have

0Tho = 66/ ¢ + 20V (¢) a® + a? a J " 5 (277)
6Ty = 0; 60 ¢ + %&B ¢° — 8;BV(¢)ad*; (278)

0Ty = (w’ ¢ — @¢? — o ‘ZZ 5o — T +20V(¢)a )&j
+ %DUEQS’? — DiyEV($)a?. (279)

For covenience, we list the mixed components

STH = 8§(g"Th)
= 3g" Toy + g"* 6T, (280)
or

6V2

0o _ /2 .
STV = ®¢* — 54 ¢ 56 55 @

STE = O'B¢” + 06 ¢ ;
5T = —0'6p ¢

)

5T! = ( 362 + 54 ¢ — 662 5 )] (281)

8.4 Perturbed Klein-Gordon equation

The inflaton equation of motion is the Klein-Gordon equation of a scalar field under the action of

its potential V(¢). The equation to perturb is therefore

ov
I — :
"0, ¢ 96
1
0M¢p = ——0,(V—99"" 0,0) ; 282
o = g &
which at the zero-th order gives the inflaton equation of motion
!/
" a ov a2
2—¢ = 283
o+ 220 =~ (283)

The variation of Eq. (282) is the sum of four different contributions corresponding to the variations

of \/%7, v—g, g and ¢. For the variation of g we have

69 = 99" dgup (284)
which give at the linear order
09
ov—g = - ;
2V
1 —
L W9 (285)
v—g g
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Plugging these results into the expression for the variation of Eq. (283)

/ /
50,0"¢ = —05¢" — z%w’ + 8,060 + 204" + 4%@ ¢ + D¢
+ 3V'¢ + 9,0'B¢
2V
0 95 a”. (286)
Using Eq. (283) to write
2<1>¢”+4‘i,¢’—2¢>8—v (287)
a’ o¢’
Eq. (286) becomes
/
3¢ + 2%5¢’ — 9,066 — ¢ — 3V — 0,0B¢
v oV
= —Sp——a? - 20 2
0 95 a 9 (288)

After having computed the perturbations at the linear order of the Einstein’s tensor and of the
stress energy-momentum tensor, we are ready to solve the perturbed Einstein’s equations in order
to quantify the inflaton and the metric fluctuations. We pause, however, for a moment in order to

deal with the problem of gauge invariance.

8.5 The issue of gauge invariance

When studying the cosmological density perturbations, what we are interested in is following the
evolution of a space-time which is neither homogeneous nor isotropic. This is done by following the
evolution of the differences between the actual space-time and a well understood reference space-
time. So we will consider small perturbations away from the homogeneous, isotropic space-time (see
Fig. 15). The reference system in our case is the spatially flat Friedmann—Robertson—Walker space-
time, with line element ds? = a?(7) (—dT2 + dx2). Now, the key issue is that general relativity is
a gauge theory where the gauge transformations are the generic coordinate transformations from a
local reference frame to another.

When we compute the perturbation of a given quantity, this is defined to be the difference between
the value that this quantity assumes on the real physical space-time and the value it assumes on
the unperturbed background. Nonetheless, to perform a comparison between these two values, it is
necessary to compute the at the same space-time point. Since the two values “live” on two different
geometries, it is necessary to specify a map which allows to link univocally the same point on the
two different space-times. This correspondance is called a gauge choice and changing the map means
performing a gauge transformation.

Fixing a gauge in general relativity implies choosing a coordinate system. A choice of coordinates

defines a threading of space-time into lines (corresponding to fixed spatial coordinates x) and a slicing
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Figure 15: In the reference unperturbed universe, constant-time surfaces have constant spatial

curvature (zero for a flat FRW model). In the actual perturbed universe, constant-time

surfaces have spatially varying spatial curvature

into hypersurfaces (corresponding to fixed time 7). A choice of coordinates is is called a gauge and

there is no unique preferred gauge

GAUGE CHOICE <= SLICING AND THREADING

Similarly, we can look at the change of coordinates either as an active transformation, in which we

slightly alter the manifold or as a passive transformation, in which we do not alter the manifold,

all the points remain fixed, and we just change the coordinate system. So this is tantamount to

a relabelling of the points. From the passive point of view, in which a coordinate transformation

represents a relabelling of the points of the space, one then compares a quantity, say the metric

(or its perturbations), at a point P (with coordinates z#) with the new metric at the point P’

which has the same values of the new coordinates as the point P had in the old coordinate system,

zh(P') = x*(P). This is by the way an efficient way to detect symmetries (isometries if one is

concerned with the metric), we only need to consider infinitesimal coordinate transformations.

From a more formal point of view, operating an infinitesimal gauge tranformation on the coor-
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dinates
o = M + S (289)

implies on a generic quantity ) a tranformation on its perturbation

5Q = 6Q + £5: Qo (290)

where g is the value assumed by the quantity ) on the background and £, is the Lie-derivative
of () along the vector §z*. Notice that for a scalar, the Lie derivative is just the ordinary directional
derivative (and this is as it should be since saying that a function has a certain symmetry amounts
to the assertion that its derivative in a particular direction vanishes).

Decomposing in the usual manner the vector dz#*
0’ = & ");
ox't = O'B(x") + vi(at); o' =0, (291)

we can easily deduce the transformation law of a scalar quantity f (like the inflaton scalar field ¢
and energy density p). Instead of applying the formal definition (290), we find the transformation
law in an alternative (and more pedagogical) way. We first write d f(x) = f(z) — fo(z), where fo(z)
is the background value. Under a gauge transformation we have :5? (zh) = ]?(J/UTL) - fo(:;:\ﬁ) Since f is
a scalar we can write f(z#) = f(z*) (the value of the scalar function in a given physical point is the
same in all the coordinate system). On the other side, on the unperturbed background hypersurface
ﬁ] = fo. We have therefore

0f(ah) = [fak) — fo(zh)
= @) — folzk)
= ) -5 00 @) — o),
(292)
from which we finally deduce, being fo = fo(2?),
of =of = fo€°

For the spin zero perturbations of the metric, we can proceed analogously. We use the following
trick. Upon a coordinate transformation z# — z# = z# + §z*, the line element is left invariant,
ds? = ds2. This implies, for instance, that a2(;U\6) (1 + QCT)) (dgc\a)2 = a%(z%) (1 + 2®) (dz")2. Since
a2(;}\6) ~ a?(2°) +2ad’ €Y and dz0 = (1+¢™) dx0+g—ﬁ? dz?, we obtain 142® = 1+ 20 +2 HE0 426

A similar procedure leads to the following transformation laws
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d = @_60/_750;
a
B = B+£0+ﬁ/
~ 1 4
U o= v- vt Lo,
3 a
E = E+28.

The gauge problem stems from the fact that a change of the map (a change of the coordinate system)
implies the variation of the perturbation of a given quantity which may therefore assume different
values (all of them on a equal footing!) according to the gauge choice. To eliminate this ambiguity,

one has therefore a double choice:
e Indentify those combinations representing gauge invariant quantities;
e choose a given gauge and perform the calculations in that gauge.

Both options have advantages and drawbacks. Choosing a gauge may render the computation
technically simpler with the danger, however, of including gauge artifacts, i.e. gauge freedoms which
are not physical. Performing a gauge-invariant computation may be technically more involved, but
has the advantage of treating only physical quantities.

Let us first indicate some gauge-invariant quantities. They are the so-called gauge invariant

potentials or Bardeen’s potentials

1 EN T
1 s a E’

Analogously, one can define a gauge invariant quantity for the perturbation of the inflaton field.
Since ¢ is a scalar field S\Q/S = (5¢ — ¢ 50) and therefore

dpc1 = —0¢ + ¢ (g — B).

is gauge-invariant. Analogously, one can define a gauge-invariant energy-density perturbation

El
dpar = —0p + o (2 — B).
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We now want to pause to introduce in details some gauge-invariant quantities which play a major
role in the computation of the density perturbations. In the following we will be interested only in
the coordinate transformations on constant time hypersurfaces and therefore gauge invariance will

be equivalent to independent of the slicing.

8.6 The comoving curvature perturbation

The intrinsic spatial curvature on hypersurfaces on constant conformal time 7 and for a flat universe
is given by

4

BR=—-V*0.
a

The quantity ¥ is usually referred to as the curvature perturbation. We have seen, however, that

the the curvature potential ¥ is not gauge invariant, but is defined only on a given slicing. Under a

transformation on constant time hypersurfaces ¢ — ¢ + d7 (change of the slicing)

U — W+ HorT.

We now consider the comowving slicing which is defined to be the slicing orthogonal to the worldlines
of comoving observers. The latter are are free-falling and the expansion defined by them is isotropic.
In practice, what this means is that there is no flux of energy measured by these observers, that
is To; = 0. During inflation this means that these observers measure ddeom = 0 since Ty; goes like
000 (x, 7)) (7).

Since d¢ — 8¢ — ¢'07 for a transformation on constant time hypersurfaces, this means that

¢
¢

that is 07 = ‘;—? is the time-displacement needed to go from a generic slicing with generic d¢ to the

8¢ — 6Peom = 0¢ — ¢ 61 =0 = 07 =

comoving slicing where d¢¢om = 0. At the same time the curvature pertubation v transforms into

VU =Y+ HoiTr=V+ Hff

The quantity

R=1V+ HM:\I/JFH(S(;

¢l
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is the comoving curvature perturbation. This quantity is gauge invariant by construction and is
related to the gauge-dependent curvature perturbation v on a generic slicing to the inflaton pertur-
bation d¢ in that gauge. By construction, the meaning of R is that it represents the gravitational

potential on comoving hypersurfaces where §¢ = 0

8.7 The curvature perturbation on spatial slices of uniform energy
density

We now consider the slicing of uniform energy density which is defined to be the the slicing where
there is no perturbation in the energy density, dp = 0.
Since dp — dp — p' d7 for a transformation on constant time hypersurfaces, this means that
/ op
0p — dpunit = 0p — p 01 =0 = 0T = —

y 7

that is 67 = ‘;—",’ is the time-displacement needed to go from a generic slicing with generic dp to the
slicing of uniform energy density where dpunir = 0. At the same time the curvature pertubation

transforms into

5
@%%m:¢+H&:W+H§.

The quantity

g:w+%2:w+H@
p p

is the curvature perturbation on slices of uniform energy density. This quantity is gauge invariant
by construction and is related to the gauge-dependent curvature perturbation ¥ on a generic slicing
and to the energy density perturbation dp in that gauge. By construction, the meaning of { is that

it represents the gravitational potential on slices of uniform energy density

(= ‘I”apzo-
Notice that, using the energy-conservation equation p’ +3H(p+ P) = 0, the curvature perturbation

on slices of uniform energy density can be also written as

op

PRS2
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During inflation p+ P = </52. Furthermore, on superHubble scales from what we have learned in the
previous section (and will be rigously shown in the following) the inflaton fluctuation d¢ is frozen
in and ¢ = (slow roll parameters) x H d¢. This implies that 6p = ¢d¢ + V'8¢ ~ V'é¢p ~ —3H ¢,
leading to

C~W+ ?;)I;gﬁ =V 4+ H(SjR (ON superHubble SCALES)

The comoving curvature pertubation and the curvature perturbation on uniform energy density

slices are equal on superHubble scales.

8.8 Scalar field perturbations in the spatially flat gauge

We now consider the spatially flat gauge which is defined to be the the slicing where there is no
curvature ¥q, = 0.

Since ¢ — W + H §7 for a transformation on constant time hypersurfaces, this means that

v
\IJ—>\IJﬂat:\IJ—|—H(57:0:>57':—§,

that is 7 = —W¥/H is the time-displacement needed to go from a generic slicing with generic 1
to the spatially flat gauge where ¥q,y = 0. At the same time the fluctuation of the inflaton field

transforms a

/

06 = 86— ¢ o7 = 6+ o .

The quantity

T )
Q_w+ﬂ@_w+Hw_HR

is the inflaton perturbation on spatially flat gauges. This quantity is gauge invariant by construction
and is related to the inflaton perturbation d¢ on a generic slicing and to to the curvature perturbation
¥ in that gauge. By construction, the meaning of () is that it represents the inflaton potential on

spatially flat slices

Q= 00|5p—g -

Notice that d¢ = —¢'67 = —¢dt on flat slices, where dt is the time displacement going from flat
to comoving slices. This relation makes somehow rigorous the expression (229). Analogously, going

from flat to comoving slices one has R = H dt.
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8.9 Comments about gauge invariance

While comparing the theoretical predictions (e.g. the CMB power spectrum) with obervations does
not represent a problem on sub-horizon scales where the matter perturbations computed in the dif-
ferent gauges all coincide, it is a delicate operation on scales comparable with the horizon where
different gauges provide different results even at the linear level. Truly gauge-independent pertur-
bations must be exactly constant in the background space-time. This apparently limits ones ability
to make a gauge-invariant study of quantities that evolve in the background space-time, e.g. density
perturbations in an expanding cosmology. In practice one can construct gauge-invariant definitions of
unambiguous, that is physically defined, perturbations. These are not unique gauge-independent per-
turbations, but are gauge-invariant in the sense commonly used by cosmologists to define a physical
perturbation. There is a distinction between quantities that are automatically gauge-independent,
i.e., those that have no gauge dependence (such as perturbations about a constant scalar field), and
quantities that are in general gauge-dependent (such as the curvature perturbation) but can have a
gauge-invariant definition once their gauge-dependence is fixed (such as the curvature perturbation
on uniform-density hypersurfaces). In other words, one can define gauge-invariant quantities which
are simply a coordinate independent definition of the perturbations in the given gauge. This can be
often achieved by defining unambiguously a specific slicing into spatial hypersurfaces. In this sense
it should be clear that one may define an infinite number of, e.g., gauge-invariant density contrasts.
Which one to use is a matter that can be decided only considering how the determination of a given

observable is performed.

8.10 Adiabatic and isocurvature perturbations
Arbitrary cosmological perturbations can be decomposed into:
e adiabatic or curvature perturbations which perturb the solution along the same trajectory in

phase-space as the as the background solution. The perturbations in any scalar quantity X

can be described by a unique perturbation in expansion with respect to the background

Hoét=H 5;; FOR EVERY X.

In particular, this holds for the energy density and the pressure
b _ P
p P
which implies that P = P(p). This explains why they are called adiabatic. They are called

curvature perturbations because a given time displacement ¢ causes the same relative change
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0X /X for all quantities. In other words the perturbations is democratically shared by all

components of the universe.

isocurvature perturbations which perturb the solution off the background solution

5;; + (g FOR SOME X AND Y.

One way of specifying a generic isocurvature perturbation §.X is to give its value on uniform-

density slices, related to its value on a different slicing by the gauge-invariant definition

X

(5.
X dp=0 X p

For a set of fluids with energy density p;, the isocurvature perturbations are conventionally

defined by the gauge invariant quantities

0pi 5:03')
Sij=3H| ———)=3(G—¢).
= (2 ) =366

One simple example of isocurvature perturbations is the baryon-to-photon ratio

on on
S = 6(np/ny) = Tbb - (295)
Y

1. Comment:

From the definitions above, it follows that the cosmological perturbations generated during
inflation are of the adiabatic type if the inflaton field is the only fiels driving inflation. However,
if inflation is driven by more than one field, isocurvature perturbations are expected to be
generated (and they might even be cross-correlated to the adiabatic ones. In the following we

will give one example of the utility of generating isocurvature perturbations.

2. Comment: The perturbations generated during inflation are Gaussian, i.e. the two-point
correlation functions (like the power spectrum) suffice to define all the higher-order even cor-
relation fucntions, while the odd correlation functions (such as the three-point correlation
function) vanish. This conclusion is drawn by the very same fact that cosmological pertur-
bations are studied linearizing Einstein’s and Klein-Gordon equations. This turns out to be
a good approximation because we know that the inflaton potential needs to be very flat in
order to drive inflation and the interaction terms in the inflaton potential might be present,
but they are small. Non-Gaussian features are therefore suppressed since the non-linearities
of the inflaton potential are suppressed too. The same argument applies to the metric pertur-

bations; non-linearities appear only at the second-order in deviations from the homogeneous
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background solution and are therefore small. This expectation is confirmed by a direct com-
putation of the cosmological perturbations generated during inflation up to second-order in
deviations from the homogeneous background solution which fully account for the inflaton
self-interactions as well as for the second-order fluctuations of the background metric. While
the subject of non-Gaussianity is extremely interesting both theoretically and observationally,
it goes beyond the scope of these lectures. The interested reader can ask more details during

and/or after the lectures.

8.11 The next steps

After all these technicalities, it is useful to rest for a moment and to go back to physics. Up to now
we have learned that during inflation quantum fluctuations of the inflaton field are generated and
their wavelengths are stretched on large scales by the rapid expansion of the universe. We have also
seen that the quantum fluctuations of the inflaton field are in fact impossible to disantagle from the
metric perturbations. This happens not only because they are tightly coupled to each other through
Einstein’s equations, but also because of the issue of gauge invariance. Take, for instance, the gauge
invariant quantity Q@ = d¢ + % W. We can always go to a gauge where the fluctuation is entirely in
the curvature potential ¥, Q = % W, or entirely in the inflaton field, ) = d¢. However, as we have
stressed at the end of the previous section, once ripples in the curvature are frozen in on superHubble
scales during inflation, it is in fact gravity that acts as a messanger communicating to baryons and
photons the small seeds of perturbations once a given scale reenters the horizon after inflation.
This happens thanks to Newtonian physics; a small perturbation in the gravitational potential ¥
induces a small perturbation of the energy density p through Poisson’s equiation V2¥ = 47Gndp.
Similarly, if perturbations are adiabatic/curvature perturbations and, as such, treat democratically
all the components, a ripple in the curvature is communicated to photons as well, giving rise to a
nonvanishing §7'/T.

These considerations make it clear that the next steps of these lectures will be

e Compute the curvature perturbation generated during inflation on superHubble scales. As
we have seen we can either compute the comoving curvature perturbation R or the curvature
on uniform energy density hypersurfaces (. They will tell us about the fluctuations of the

gravitational potential.

e See how the fluctuations of the gravitational potential are transmitted to photons, baryons

and matter in general.

We now intend to address the first point. As stressed previously, we are free to follow two alternative
roads: either pick up a gauge and compute the gauge-invariant curvature in that gauge or perform

a gauge-invariant calculation. We take both options.
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8.12 Computation of the curvature perturbation using the longi-
tudinal gauge

The longitudinal (or conformal newtonian) gauge is a convenient gauge to compute the cosmological
perturbations. It is defined by performing a coordinate transformation such that B = E = 0. This
leaves behind two degrees of freedom in the scalar perturbations, ® and ¥. As we have previously
seen, these two degrees of freedom fully account for the scalar perturbations in the metric.

First of all, we take the non-diagonal part (i # j) of Eq. (273). Since the stress energy-momentum

tensor does not have any non-diagonal component (no stress), we have

8¢8j(111—(1)):0:>q/:(13

and we can now work only with one variable, let it be V.

Eq. (272) gives (in cosmic time)

U+ HU =A47Gng ¢ = eHé(Zﬁ, (296)

while Eq. (271) and the diagonal part of (273) (i = j) give respectively

2
_3H (\If n H\p) n Vaf’ — 4nGx <¢}5¢} — P4 V’éqS) : (297)
. . 2
_ (2a + <a> ) U_3HV ¥ = - (qb(sqis . V’5¢) : (298)
a a

If we now use the fact that H = 4rGn¢?, sum Egs. (297) and 298) and use the background

Klein-Gordon equation to eliminate V', we arrive at the equation for the gravitational potential

Up+|H—-25 | U4+2|H-—H= | U+ 5P =0. (299)
¢ ¢ a?
We may rewrite it in conformal time
/! /1
ﬁ+2<7—£—¢,> {(+2<’H’—H¢,)\Dk+k2\llk:0 (300)
and in terms of the slow-roll parameters € and 7
Uy +2H () — €) Wje + 2H? () — 2€) Uy + k? Ty = 0. (301)

Using the same logic leading to Eq. (226), from Eq. (299) we can infer that on superHubble scales the

gravitational potential ¥ is nearly constant (up to a mild logarithmic time-dependence proportional
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to slow-roll parameters), that is Wy ~ (slow-roll parameters)xWy. This is hardly surprising, we
know that fluctuations are frozen in on superHubble scales.

Using Eq. (296), we can therefore relate the fluctuation of the gravitational potential ¥ to the
fluctuation of the inflaton field d¢ on superHubble scales

5¢k

Uy ~e H—— (ON superHubble SCALES) (302)

This gives us the chance to compute the gauge-invariant comoving curvature perturbation Ry

¢k O ok

Rk =VYx+H—"—=(1+¢) — ~—. (303)
¢ ¢
The power spectrum of the the comoving curvature perturbation Ry then reads on superHubble
scales
k3 H? K3
Pr = 77| ol* = |5l
4MZen?

What is left to evaluate is the time evolutlon of d¢. To do so, we consider the perturbed Klein-

Gordon equation (288) in the longitudinal gauge (in cosmic time)

. . k2 .o
6o + 3HOP + ﬁ&bk + V”(sd)k = —Q\Ika’ + 4V .

< | V|, using Eq. (302) and the relation V' ~ —3H¢, we

Since on superHubble scales ’4\111((&

can rewrite the perturbed Klein-Gordon equation on superHubble scales as

5w + 3HSy + (V" + 6eH?) 5y = 0.

We now introduce as usual the field dxx = déx/a and go to conformal time 7. The perturbed

Klein-Gordon equation on superHubble scales becomes, using Eq. (220),

1
Xy — 7_2<I/ —>5Xk—0
9 9
vio= ot 9¢ — 3n. (304)

Using what we have learned in the previous section, we conclude that

3y
I5hn| = \/Z% (ﬁ{) ° (ON superHubble SCALES)

which justifies our initial assumption that both the inflaton perturbation and the gravitational
potential are nearly constant on superHubble scale.

We may now compute the power spectrum of the comoving curvature perturbation on super-
Hubble scales
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PRV = hre <2ﬂ> (H> =4r (H>

where we have defined the spectral index ng of the comoving curvature perturbation as

_ dInPgr
~ dlnk

nR — =3 —2v = 2n — Ge.

We conclude that inflation is responsible for the generation of adiabatic/curvature perturbations
with an almost scale-independent spectrum.
From the curvature perturbation we can easily deduce the behaviour of the gravitational potential

Uy from Eq. (296). The latter is solved by

A(k)

Uy = ==
a

A(k 4rG
()+7TaN + € Rg.

X JRGEGEAGE
We find that during inflation and on superHubble scales the gravitational potential is the sum of a
decreasing function plus a nearly constant in time piece proportional to the curvature perturbation.
Notice in particular that in an exact de Sitter stage, that is ¢ = 0, the gravitational potential is
not sourced and any initial condition in the gravitational potential is washed out as a~! during the
inflationary stage.

Comment: We might have computed the spectral index of the spectrum Pgr (k) by first solving
the equation for the perturbation d¢y in a di Sitter stage, with H = constant (¢ = n = 0), whose
solution is Eq. (211) and then taking into account the time-evolution of the Hubble rate and of ¢

introducing the subscript in Hy and $r. The time variation of the latter is determined by

dinge  [dng ) / dt \ (dina) 1 .
dnk < dt ) <dlna> (dlnk:) =g mitT e (305)

Correspondingly, ¢y is the value of the time derivative of the inflaton field when a given wavelength

~ k™1 crosses the horizon (from that point on the fluctuations remains frozen in). The curvature

perturbation in such an approach would read

H 1 [ H?
Pk 21\ ok
Correspondigly
dnPr  dinH{ dng}

1= - _ — _de+ (20— 2€) = 2 —
"R dnk  dink  dink €+ (20 = 2€) = 2n — Ge
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which reproduces our previous findings.

During inflation the curvature perturbation is generated on superHubble scales with a spectrum
which is nearly scale invariant, that is is nearly independent from the wavelength A\ = 7/k: the
amplitude of the fluctuation on superHubble scales does not (almost) depend upon the time at
which the fluctuations crosses the horizon and becomes frozen in. The small tilt of the power
spectrum arises from the fact that the inflaton field is massive, giving rise to a nonvanishing n and
because during inflation the Hubble rate is not exactly constant, but nearly constant, where ‘nearly’

is quantified by the slow-roll parameters e.

Comment: From what found so far, we may conclude that on superHubble scales the comoving
curvature perturbation R and the uniform-density gauge curvature ( satisfy on superHubble scales

the relation

Ric = (i =~ 0.

An independent argument of the fact that they are nearly constant on superHubble scales is given

in the next subsection.

8.13 A proof of time-independence of the comoving curvature per-
turbation for adiabatic modes: linear level

We give here a general argument following from energy-momentum conservation to show that
the curvature perturbation on constant-time hypersurfaces W is constant on superHubble scales
if perturbations are adiabatic. Let us consider a generic fluid with energy-momentum tensor
T = (p + P)uru” + g P. The four-velocity u* is subject to the constraint u#u, = —1. Since it

can be decomposed as

1
wh =~ (3 + o), (306)

we get
0 = -0, (307)

Similarly, we obtain

w = a(-1-),
Uz‘ = av;. (308)

Notice that, since we will work on superHubble scales we have only taken the gravitational potentials

in the metric. The associated perturbation of the energy-momentum tensor is
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ST = —(6p+6P)+ (p+P)(1—TU)(—1— )+ 6P ~ —dp,
6Ty =~ 0,
5T = §P, (309)

The associated continuity equation

VT = 0,T) +Th 1) =T, T} (310)

gives

Q0Ty + 0Ty + T\ Tg — T, T4

= 0Ty + T\ Tg — )0 T¢'

= 00T + 170 T — DTy — Ty — T

= 00T + TG T + Ty T — TG TS — T 11 (311)

This expression, using the Christoffel symbols (246) gives

6p=—3H (0p+P) - 30 (p+ P).

We write 0P = § Pyaq+c2dp, where § P,,q is the non-adiabatic component of the pressure perturbation
and ¢2 = §P,q/8p is the adiabatic one. In the uniform-density gauge ¥ = ¢ and dp = 0 and therefore

0pag = 0. The energy conservation equation implies

. H
Cz_—i,(spnad
P+p

If perturbations are adiabatic, the curvature on uniform-density gauge is constant on superHubble
scales. The same holds for the comoving curvature R as the latter and ¢ are equal on superHubble

scales.

8.14 A proof of time-independence of the comoving curvature per-
turbation for adiabatic modes: linear level

We give here a general argument following from energy-momentum conservation to show that
the curvature perturbation on constant-time hypersurfaces W is constant on superHubble scales
if perturbations are adiabatic. Let us consider a generic fluid with energy-momentum tensor
" = (p + P)utu” + g P. The four-velocity u* is subject to the constraint u*u, = —1. Since it

can be decomposed as
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ut = 2 (68 + vty (312)
we get,
v’ =0, (313)
Similarly, we obtain
u = a(—1—-9),
Ui = av. (314)
Notice that, since we will work on superHubble scales we have only taken the gravitational potentials

in the metric. The associated perturbation of the energy-momentum tensor is

STy = —(6p+6P)+ (p+ P)(1 — ¥)(—~1 — ®) + 6P ~ —dp,
6TE ~ 0,
§T; = OPd, (315)

The associated continuity equation

VT = 9,1y +Th \T) =T, T} (316)

gives

ATy + OTg + T, \Tg — T, T4

= Ty + T\ T — 0T}

= 00T + IV 0T — DTy — 0Ty — T

= 80T + T T + Ty T — T T8 — T 17 (317)

This expression, using the Christoffel symbols (246) gives

5p=—3H (6p+6P)—3¥ (p+ P).
We write 0P = 6 Pyaq+c2dp, where 6 P,,q is the non-adiabatic component of the pressure perturbation
and ¢ = 0P,q/6p is the adiabatic one. In the uniform-density gauge ¥ = ¢ and dp = 0 and therefore
0paq = 0. The energy conservation equation implies
H

= ——— §Paa.
C P‘i‘ﬁ nad

If perturbations are adiabatic, the curvature on uniform-density gauge is constant on superHubble
scales. The same holds for the comoving curvature R as the latter and ¢ are equal on superHubble

scales.

93



8.15 A proof of time-independence of the comoving curvature per-
turbation for adiabatic modes: all orders

We prove now that the comoving curvature perturbation is conserved at all orders in perturbation
theory for adiabatic models on scales larger than the horizon. To do so, at momenta k < Ha the
universe looks like a collection of separate almost homogeneous universes. We choose a threading of

spatial coordinates comoving with the fluid

dz* . W' dat
e P = — 0 318
YT U T T (318)
The rate of the expansion is
0=V,u'= iao e, (319)
N

where gog = N?, 9ij = e2a’yij, with dety;; = 1. The energy conservation equation

d
u, V,T" =0 = " +(p+P)O =0, (320)

where dt/dT = u® = 1/N. Therefore, we obtain

p+3(p+ P)a=0. (321)
Upon defining
a(t)e™¥ = e, (322)
we obtain ‘ .
a ) P
32 —T ) =36 = ——" . 323
<a ) T AP (823)

This implies that the number of e-folds of expansion along an integral curve of the four-velocity

comoving with the fluid is

( ) 1 [ 1 [tz I 1 [t i ( )
N(tg, t1, 2" :/ dT@:/ dt @:—/ dt ——| . 324
3 1 3 t1 3 t1 p"’P b
This implies that
i iy _ i a(tz)
\I/(tg,a;)—\I/(tl,x) ——N(tg,tl,x)+ln (325)

a(ty)’
that is the change in W from one slice to another equals the difference of the actual number of e-folds

and the background. In particular, in a flat slice

N(to,t1,2") =1In

(326)
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From (325) we find therefore

tl CC’ P + P Q(tl)

1 etz t
—U(ty,z') + U(ty, ') = 3/ o A2). (327)
p
P(p), then we conclude that

If the perturbation are adiabatic, that is if P =

Pta)  dp

— 328
o piP (328)

) = it~ g
p

is constant and this holds at any order in perturbation theory. This is the non-linear generalization
of the comoving curvature perturbation.

Consider now two different slices A and B which coincide at ¢ = ¢;. From (325) we have that

—NA(tg,tl,a:i) + NB<t2,t1,xi) = \I/A(tg,l'i) — \I/B(tg,l'i). (329)

Now, choose the slice A such that it is flat at ¢ = ¢; and ends on a uniform energy slice at t = 9

and B to be flat both at ¢; and ¢9

—\IIA(tQ,fL'i) = NA(tg,tl,xi) — No(tz,tl) =0N| (330)

since B is flat. This means that —W 4(to, z¢) is the difference in the number of e-folds (from ¢ = #;
to t = t9) between the uniform-density slicing and the flat slicing. Therefore, by choosing the initial
slice at the ¢; to be the flat slice and the slice at generic time ¢ to have uniform energy density, the
curvature perturbation on that slice is the difference in the number of e-folds between the uniform

energy density slice and the flat slice from ¢ to ¢

— ON_  ONG&p  6¢
—(= 0N =0N(9(x1) = (= 5706 = atq's_Hé'

This is indeed the easiest way of computing the comoving curvature perturbation and is dubbed the

(331)

0N formalism. In general

4 1 et qp
= 6N — = P 332
¢(af) i), oo (332

where d N must be interpreted ad the amount of expansion along the worldline of a comoving observer

from a spatially flat ¥ = 0 slice at time ¢; to a generic slice at time ¢.
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9 Comoving curvature perturbation from isocurvature

perturbation

Let us give one example of how the fact that the comoving curvature perturbation is not constant
when there are isocurvature perturbation can be useful. The paradigm we will describe goes under
the name of the curvaton mechanism.

Suppose that during inflation there is another field o, the curvaton, which is supposed to give
a negligible contribution to the energy density and to be an almost free scalar field, with a small
effective mass m2 = [0%V/0c?| < H>.

The unperturbed curvaton field satisfies the equation of motion

oV
o +2Ho’ +a*—— =0. (333)

do
It is also usually assumed that the curvaton field is very weakly coupled to the scalar fields driving
inflation and that the curvature perturbation from the inflaton fluctuations is negligible. Thus, if we
expand the curvaton field up to first-order in the perturbations around the homogeneous background

as 0(7,x) = 09(7) + 0o, the linear perturbations satisfy on large scales

2

9V
So" +2Héo" + a2W b0 =0. (334)

As a result on superHubble scales its fluctuations do will be Gaussian distributed and with a nearly

scale-invariant spectrum given by
1 H,
Pio(k) =

or’

where the subscript * denotes the epoch of horizon exit k = aH. Once inflation is over the inflaton

(335)

energy density will be converted to radiation (7) and the curvaton field will remain approximately
constant until H? ~ m2. At this epoch the curvaton field begins to oscillate around the minimum
of its potential which can be safely approximated to be quadratic V =~ %mgag. During this stage
the energy density of the curvaton field just scales as non-relativistic matter py oc a=2. The energy
density in the oscillating field is

po (1,%) = m20? (1, %), (336)
and it can be expanded into a homogeneous background p,(7) and a first-order perturbation dp, as
9o(7,X) = po(7) + 0o (7, X) = 20 + 2m2 0 6o (337)

As it follows from Egs. (333) and (334) for a quadratic potential the ratio o /o remains constant

and the resulting relative energy density perturbation is

% _ (‘”’) : (338)

Po o
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where the * stands for the value at horizon crossing. Such perturbations in the energy density of the
curvaton field produce in fact a primordial density perturbation well after the end of inflation. The
primordial adiabatic density perturbation is associated with a perturbation in the spatial curvature ¥
and it is, as we have shown, characterized in a gauge-invariant manner by the curvature perturbation
¢ on hypersurfaces of uniform total density p. We recall that at linear order the quantity ( is given

by the gauge-invariant formula
op

=V + 7—[? , (339)
and on large scales it obeys the equation of motion
H

'= 6P, 340

C 0+ P nad » ( )

In the curvaton scenario the curvature perturbation is generated well after the end of inflation
during the oscillations of the curvaton field because the pressure of the mixture of matter (curvaton)
and radiation produced by the inflaton decay is not adiabatic. A convenient way to study this
mechanism is to consider the curvature perturbations (; associated with each individual energy

density components, which to linear order are defined as

G=V+H <5p€l> . (341)

i
Therefore, during the oscillations of the curvaton field, the total curvature perturbation in Eq. (339)

can be written as a weighted sum of the single curvature perturbations

C=01=f)+ fé (342)
where the quantity
3ps
_ 343
= 4+ 3, (343)

defines the relative contribution of the curvaton field to the total curvature perturbation. From
now on we shall work under the approximation of sudden decay of the curvaton field. Under this
approximation the curvaton and the radiation components p, and p, satisfy separately the energy

conservation equations

pl, = —4Hp,,
p:r = _BHPoa (34‘4)

and the curvature perturbations (; remains constant on superHubble scales until the decay of the
curvaton. Therefore from Eq. (342) it follows that the first-oder curvature pertubation evolves on

large scales as

CI = f,(ga - CW) = Hf(l - f)(Ccr - Cv) ) (345)
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and by comparison with Eq. (340) one obtains the expression for the non-adiabatic pressure pertur-

bation at first order
5Pnad = po(l - f)(g'y - CU) . (346)

Since in the curvaton scenario it is supposed that the curvature perturbation in the radiation pro-

duced at the end of inflation is negligible
GG=¥—-——-——+=0. (347)

Similarly the value of (, is fixed by the fluctuations of the curvaton during inflation

1dps
e =V — -— = (1, 348
G 3 po Cot ( )
where I stands for the value of the fluctuations during inflation. From Eq. (342) the total curvature

perturbation during the curvaton oscillations is given by

¢=fC- (349)

As it is clear from Eq. (349) initially, when the curvaton energy density is subdominant, the density
perturbation in the curvaton field {, gives a negligible contribution to the total curvature pertur-
bation, thus corresponding to an isocurvature (or entropy) perturbation. On the other hand during

3 increases with respect to the energy density of radiation Py X a~*, and the

the oscillations p, o< a™
perturbations in the curvaton field are then converted into the curvature perturbation. Well after
the decay of the curvaton, during the conventional radiation and matter dominated eras, the total
curvature perturbation will remain constant on superHubble scales at a value which, in the sudden

decay approximation, is fixed by Eq. (349) at the epoch of curvaton decay

(=/p, (350)

where D stands for the epoch of the curvaton decay.
Going beyond the sudden decay approximation it is possible to introduce a transfer parameter

r defined as
¢ =1, (351)

where ( is evaluated well after the epoch of the curvaton decay and (, is evaluated well before
this epoch. Numerical studies of the coupled perturbation equations has been performed show that

the sudden decay approximation is exact when the curvaton dominates the energy density before it

r <’Z’>D . (352)
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9.1 Gauge-invariant computation of the curvature perturbation

In this subsection we would like to show how the computation of the curvature perturbation can
be performed in a gauge-invariant way. We first rewrite Einstein’s equations in terms of Bardeen’s

potentials (293) and (294)

2 £
3G = CL2<—3H(H<I>GI+\I/’GI)+V2\IJGI+3H(—7-[’+”H2) (2—B>>, (353)
0 2 / / 2 £
G = 50 HPar + Vg + (H — H°) >~ B) | (354)
A 2 1 ;
5Gi = _a2(((2H’+2H2)¢>GI+H¢”GI+‘If’él+2H\If’GI+2V2D61>5§'
" ’ 3 E ) 1 %
+ (H'—HH — 1) - — B = 590;Da |, (355)

with Dgr = ®a1 — Yg1. These quantities are not gauge-invariant, but using the gauge transforma-

tions described previously, we can easily generalize them to gauge-invariant quantities

!
5G(()GI)0 _ 5G8 + (G8)’ <]§ _ B> 7 (356)
1 E'
; . [ E
G = sa + @y (5 - B) (358)
and
sTCDO 570 oy (£ — (GD)
0 = o + (Tp) 5 B)=-p™, (359)
S0 _ g0 70 1T’“ 5 E' B) = (54 B) a1
) = R e LA W =(p+P)a" v, (360)
sTCV s v (B _ spl(a
= et @y (£ - ) =op (361)

where we have written the stress energy-momentum tensor as T = (p + P)u’u” + Pnt* with
ut = (1,v"). Barred quantities are to be intended as background quantities. Einstein’s equations

can now be written in a gauge-invariant way
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- 3H (7‘[ dqr + \IIIGI) + v? Uar

= 4nGy <—<I>G1 ¢ + 0¢GN ¢ + 5D g‘;a2> :

O (MO + W) = 4m G (8106 o) |
1 1.
((27—[’ + H?) bar + HPG + Ui + 2H U + 2V2DGI> 65 — 59'0;Dar,

= —47GN <q>GI ¢% — 66D ¢ + 5D g‘; a2> 5.

(362)

(363)

Taking i # j from the third equation, we find Dg; = 0, that is g = P and from now on we can

work with only the variable ®g;. Using the background relation

I\ 9 7
2(2) - = = dnGy g’
a a

we can rewrite the system of Eqgs. (363) in the form

V2o — 3HP — (W + 2H?)@a1 = 447Gy <5¢<GU ¢ + 5D g‘(;a?) :
Oy + Hdg = 47Gy (5¢<GI> ¢’) :
G+ 3HP + (H +2H?) @q1 = 47nGy <5¢<GI> ¢ — 6¢GD ‘2‘;&) .

Substracting the first equation from the third, using the second equation to express d¢(G!

function of ®¢r and ®f,; and using the Klein-Gordon equation one finally finds the

(D” 2 H qb” / V2® 2 / ¢” (b _
GI+ —g Gr — GI+ /H—,Hg GI—O,

for the gauge-invariant potential ®g;. We now introduce the gauge-invariant quantity

U = a 6¢(GI) + z¥qr,
= ay T

(364)

(365)

)asa

(366)

(367)

(368)

Notice that the variable u is equal to —a @), the gauge-invariant inflaton perturbation on spatially

flat gauges. Eq. (366) becomes

Z//

"

W — Vu - Zu=0,
z

while the two remaining equations of the system (365) can be written as
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Vidq = 447Gy % (zu — Z'u) (370)

2 /
(a ;_I[)GI> = 47Gnzu, (371)

which allow to determine the variables ® and §¢(GD.

We have now to solve Eq. (369). First, we have to evaluate z”/z in terms of the slow-roll

parameters
!/ !/ /! HI /!
s, e H_ T
Hz Ha H¢Y H He'
We then deduce that
¢// Z/
0=1- =1 -
T R TP

Keeping the slow-roll parameters constat in time (as we have mentioned, this corresponds to expand

all quantities to first-order in the slow-roll parameters), we find

S 2N (Z/)2
BT R Tk

0~§ =¢€(~0)

from which we deduce

o rH/ (21)2
+ .
zH 22

Z//
? -_—
Expanding in slow-roll parameters we find

"
%:(1%-5)(1-@ H2 4+ (1+e—06)2 H2~ H2(2+ 2 — 35).

If we set

this corresponds to

V>~

1 (1+e—08)(2—8)]"2
3 LAl }

On subHubble scales (k > aH), the solution of equation (369) is obviously ux =~ =7 /\/2k.
Rewriting Eq. (371) as

3 3
2§+(2€—5)2§+36—n.




we infer that on subHubble scales

47 G
V2k3

On superHubble scales (k < aH), one obvious solution to Eq. (369) is ux o z. To find the other

. _ik
PG ~ g e 'a.

solution, we may set ux = z uy, which satisfies the equation

~I /
U 57
o ,
uk z

which gives

. o .
uk:cl(k:)(w—l—@(k)cﬁ/ a H.Q.:cl(k)a‘b—cz(k)gal%,

H
where the last passage has been performed supposing a de Sitter epoch, H = constant. The first

piece is the constant mode ¢;(k)z, while the second is the decreasing mode. To find the constant
c1(k), we apply what we have learned previously. We know that on superHubble scales the exact

solution of equation (369) is

Ui = \f (v T2) 8 \/=F H, (~kr). (372)

On superHubble scales, since H,(x < 1) ~ \/2/me "2 2v=3 (D(vy)/T'(3/2)) ™%, the fluctuation
(372) becomes

ue = e-DE0-H LWL pyi
) e I'(3/2) TR

Therefore

1
_ ue| H 1 E\z2" H 1 E o\
c1(k) = limg0 z ad 2k (aH) b V2k3 <aH> (873)

The last steps consist in relating the variable u to the comoving curvature R and to the gravitational

potential ®g1. The comoving curvature takes the form

H U

= Vg — — 60D = —— 374

G ¢ . (374)

Since z = ag.b/ H = av/2eMpy, the power spectrum of the comoving curvature can be expressed on
superHubble scales as

K w2 1 (H\ [ k\"=! A
= — | = =— [ = - = A2 [ =
Prik) 272 | 2z 2M3 e <27r> <aH> R (aH) (375)
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with

nr —1=3—2v =2n— 6e. (376)

These results reproduce those found in the previous subsection. The last step is to find the behaviour

of the gauge-invariant potential @Gy on superHubble scales. If we recast equation (371) in the form

__ 1 Hya ary
7 4nGy ¢ <H(I)k)’ (877)

we can infer that on superHubble scales the nearly constant mode of the gravitational potential

during inflation reads

H ¢ H Uk
oS! = ¢, (k) [1 - / dt’' a (t’)] ~ —cl(k:)m =ccy(k) ~ e = —€ Ry. (378)

Indeed, plugging this solution into Eq. (377), one reproduces uy = cl(k‘)%.

10 Transferring the perturbation to radiation during

reheating

When the inflaton decays, the comoving curvature perturbation associated to the inflaton field are
transferred to radiation. Let us see how this works.

Let us consider the system composed by the oscillating scalar field ¢ and the radiation fluid.
Each component has energy-momentum tensor 7 (‘;S and T(‘; l; The total energy momentum TH” =

T (’;'; + T is covariantly conserved, but allowing for an interaction between the two fluids

()

T v
Viully) = Qg

v = @79

where Q’(’ ) and Q’(’,Y) are the generic energy-momentum transfer to the scalar field and radiation

sector respectively and are subject to the constraint

Quy) +Q() =0. (380)

The energy-momentum transfer Q’(’ %) and Ql(lv) can be decomposed for convenience as

Qly = Qou’+ 1),
QL = Qg (351)
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where the f"’s are required to be orthogonal to the the total velocity of the fluid u”. The energy
continuity equations for the scalar field and radiation can be obtained from ul,V“T(‘;l; = u,,Q’(’ ) and

ul,V”T(‘le; = u,,Q(VW) and hence from Eq. (381)

UVVMT(I(;V) = Q¢,

wVTE = Q. (382)

In the case of an oscillating scalar field decaying into radiation the energy transfer coefficient Q¢ is

given by
Qe = —Tpy,
Qy = Tpy, (383)
where I' is the decay rate of the scalar field into radiation.
The equations of motion for the curvature perturbations (4 and ¢, can be obtained perturbing
at first order the continuity energy equations (382) for the scalar field and radiation energy densities,

including the energy transfer. Expanding the transfer coefficients Q¢ and Q,y up to first order in the

perturbations around the homogeneous background as

Qs = Qup+0Qy, (384)
Q’Y = Qy+0Qy, (385)

Egs. (382) give on wavelengths larger than the horizon scale

50y + 3H (8pg + Ps) — 3 (pg + Py) ¥

=aQpp+adQy, (386)
6PI’Y +3H (6py +0Py) = 3(py + Py) v
=aQ ¢+ adQ),. (387)

Notice that the oscillating scalar field and radiation have fixed equations of state with 6Py = 0
and 6P, = dp,/3 (which correspond to vanishing intrinsic non-adiabatic pressure perturbations).
Using the perturbed (0 — 0)-component of Einstein’s equations for super-horizon wavelengths v+

HO = —H(dp/p)/2, we can rewrite Egs. (386) and (387) in terms of the gauge-invariant curvature
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perturbations (4 and ¢y

’ CLH !
G = — [5% — Lspy
Py Py
7 (9pg _0p
+ Qo 2p< py )] (388)
’ (IH !
¢ - oL
P p
' P (0py V5p
s g (-] .

where 0@, = —0Q4 from the constraint in Eq (380). If the energy transfer coefficients Qs and Q
Y ® ¢ Y

are given in terms of the decay rate I' as in Eq. (383), the first order perturbation are respectively

0Qp = —Tdpy, (390)
5Q, = Tépy. (391)

Plugging the expressions (390-391) into Eqgs. (388-389), the first order curvature perturbations for

the scalar field and radiation obey on large scales

o alpgpt
G = > ), S (6= (392)

¢ = —/Z [Fp’iz < - gr;) (= C¢)] :

(393)

From the total comoving curvature perturbation

p p
(= ?‘% + ﬁ% P =Po+t Py (394)

it is thus possible to find the equation of motion for the total curvature perturbation ¢ using the

evolution of the individual curvature perturbations in Egs. (392) and (393)

’

(o= =)+ G+ -
= HIQ—f)(Cs— &) =—HI(C ), (395)

where f = (py/p). Notice that during the decay of the scalar field into the radiation fluid, pﬁy
in Eq. (393) may vanish. So it is convenient to close the system of equations by using the two
equations (392) and (395) for the evolution of (4 and (. These equations say that { = ( is a fixed
point: during the reheating phase the comoving curvature pertubation stored in the inflaton field is

transferred to radiation smoothly.
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11 The initial conditions provided by inflation

Inflation provides the initial conditions for all perturbations once the latter re-enter the horizon. Let

us turn again to the longitudinal gauge. On superHubble scales, from Eq. (271) we have

5 5Pk
p p
on superHubble scales, where H? = (87Gx/3)pa? defines the average energy density. Recalling now

that ¥ = ® and that ( = ¥+ Hdp/p' and p' = =3 H(p+ P) = —3H(1+w)p, where we have defined
P/p = w, we find that on superHubble scales

6H> Py = —4nGna = 20, (396)

0Pk 2 5+ 3w
=0y ———— =14+ 77— | Pk = ————Pxk. 397
G = P 3(1+w)p ( 3(1+w)> KT 31 +w) ¢ (397)
This means that during the RD phase one has (w = 1/3)

2 = 24 (RD) | (398)

and during the MD phase
oY = *Ck (MD) |, (399)

In particular, notice that
PMP — 3@“ . (400)

10

One of the last steps we wish to take is now fixing the amplitude of the density perturbation in
the CMB through inflation. The CMB anisotropy has an oscillating structure (the famous Doppler
peaks) because the baryon-phton fluid oscillates, with 1) a boost for those modes which enter the
horizon at last scattering and 2) a damping due to photon diffusion. The overall amplitude of
the CMB anisotropy can be fixed at large angular scales (superHubble modes) where there is no
evolution and therefore one can match the amplitude with the theoretical prediction from inflation.

As on large scales and during matter-domination (recall that 73 > 7oq) we have at last scattering

9pm

2 = —20MP(nyy), (401)
Pm
and, if the adiabatic condition holds,
16pm 19
Z0Pm _ 0Py o Ao(ns), (402)
3 Pm 4 py

we obtain that the observed CMB anisotropy on large scales at the last scattering epoch should be

the Sachs-Wolfe term (see later for an explanation of how this expression comes about)
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(i - (I)MD> SW () = (g * 1) > = %(I)MD(TIS)' (403)

We have seen previously that the temperature anisotropy is commonly expanded in spherical har-

monics
AT

T(X()a 70, Il) = Z af,m(XO)nm(n>7 (404)
Im

where xg and 7g are our position and the preset time, respectively, n is the direction of observation,

{'s are the different multipoles and
<a@maz/m/> = 5g,g/(5m,m/Cg, (405)

where the deltas are due to the fact that the process that created the anisotropy is statistically
isotropic. The Cy are the so-called CMB power spectrum. For homogeneity and isotropy, the Cy’s
are neither a function of xg, nor of m. The two-point-correlation function is related to the C1’s

according to Eq. (156). WE get therefore that

&k g *
o) = [ e [ a0, (000 n. ), (406)

where we have made use the orthonormality property of the spherical harmonics

/dQ an(n) Yg/m/(n) = 5gg/5mm/. (407)

The C)

d3k d3p . % X
Cr = [ [atsewemr [aavi,m [ a0y, {60k n mew.u.m)

/gt dgki d3p :
_ I op 4 1)(20" 4 1 / / i(k+p)-xo
%( i)F 204+ 1)(207 + 1) 27 | @t

< [aYi,mppticn) [ 4, )P (- x) (000 (p)). (408)

where we have decomposed the temperature anisotropy in multipoles as usual

O(k,k,70) = > (=) (20 + 1) Py(k - n)Oy (k). (409)
)4
In the SW limit we have
1
0" (k) ~ gq)MD(k,ﬂs)jé(kTo), (410)

with the spectrum of the gravitational potential defined as
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<<1>MD(k, 715)®MP (p, ns)> = (2m)36®) (k 4 p) Pyun (k). (411)

Therefore we obtain

R B LAY
] = W oM ( )Je( 70)

x> (=) R+ 1) 20+ 1) / dQ Y} (n)Py(k - n) / dQ' Y, (n') Py (p - 1)
Z/E//

3
_ / (;I;?)Pq)m(k)j?(km)

~plapt 4 47 *
X Z(_Z)E RO+ 120 + 1)m5£€'nm(n)m5a”yzm(n)
g/e//
2
= 2 [ @R P 037 0m0) [ 49 Vi)l
_ 2 2 P
= = dk k* Pywo (k)77 (ko). (412)
If we generically indicate by
2 _
([@UP[ )i* = A% (ko)™ (413)
we can perform the integration and get
(oY [va,, o TEFITe+ "3 | 42 (Hy\"! "
T 2 E s r ey | o 2 (414)
2 2

For n ~ 1 and 100 > ¢ > 1, we can approximate this expression to

00+ I)Cesw B A?
27 9
This result shows that inflation predicts a very flat spectrum for low ¢. This prediction has been

(415)

confirmed by CMB anisotropy measurements. Furthermore, since inflation predicts q)kMD = %Ck, we
find that

A2 1 H\?
+nesW=_"S—- -~ (1) . 416
T UL+ 1CE 25 252 MZ e \ 27 (416)

Assuming that
000+ 1)OSW
e+ )e™ +2 )Ce ~ 10710, (417)
s

we find

1/4
<V> ~ 6.7 x 106 GeV.

€
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Take for instance a model of chaotic inflation with quadratic potential V' (¢) = %midﬁ. Using Eq.
(183) one easily computes that when there are AN e-foldings to go, the value of the inflaton field is
¢4 n = (AN/27G) and the corresponding value of € is 1/(2AN). Taking AN =~ 60 (corresponding
to large-angle CMB anisotropies), one finds that COBE normalization imposes mg ~ 10" GeV.

12 Symmetries of the de Sitter geometry

Before launching ourselves into the topic of non-Gaussianity of the cosmological perturbations, we
wish to summarize the symmetries of the de Sitter geometry to understand better the properties of
the inflationary perturbations.

The four-dimensional de Sitter space-time of radius H ! is described by the hyperboloid

napXAXE = — X2+ X2+ X2 = (i=1,2,3), (418)

H?
embedded in five-dimensional Minkowski space-time M* with coordinates X4 and flat metric NAB =

diag(—1,1,1,1,1). A particular parametrization of the de Sitter hyperboloid is provided by

1 1 1 22

X0= (Hn—) - ==,
2H Hn 2n
$z‘

Hy’

1 1 1 22
X% = <H77+)+, (419)
2H n

X' =

which may easily be checked that satisfies Eq. (418). The de Sitter metric is the induced metric on

the hyperboloid from the five-dimensional ambient Minkowski space-time
ds? = napdX4dX5. (420)
For the particular parametrization (419), for example, we find

ds?

= o (—dn* + dx?) . (421)

The group SO(1,4) acts linearly on M. Its generators are

JABZXA(?)O(B*X%?A A, B=(0,1,2,3,5) (422)

and satisfy the SO(1,4) algebra
[JaB,Jep] = napJBc —nacIBp +MBcJap — nBpJac. (423)

We may split these generators as
Jij, Po=Jos, I = Jis+ Joi, II; = Jis — Joi, (424)
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which act on the de Sitter hyperboloid as

Jij = xzaij - xj(‘;zi?
-0
Py = 77877 Zaxz”
I, = —2H17xi£7 +H ($25z‘j — 2a;;) 52] — Hr* 61-’
1
I = Hai-

and satisfy the commutator relations

[Jij, Ju] = 6udjx — S ji + OiJiy — 01t
(i, ;] = 63Ty — 0107,

155, Po] = FII,

[0, T ] = 2J35 + 263 Po.

This is nothing else that the conformal algebra. Indeed, by defining

we get,

Lij = ZJ” , D=—F, P= —’Lﬂj , K;= ZH;,

1
-Pi = _Ea’u

0
D— i
( 8n+x8)

K, = —2iHuz; (776877 + ;1:261') —iH(—n? + 2%)0;,

. 0 0
LZ] =1 (flax] — ijaxl) .

(425)

(426)

(427)

(428)

These are also the Killing vectors of de Sitter space-time corresponding to symmetries under space

translations (

They satisfy the conformal algebra in its standard form

[D, P] =iP;,

D, K] = —iK;,

[K;, P} 21(5Z]D LU)
[Lij, Pe] = z( 5P — sz)
[Lij, K] —z( WK — kKJ)
[Lij, D] =

[Lij, L] = i(5ilek — Ok Lji + 0k Ly — 5leik)-
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The de Sitter algebra SO(1,4) has two Casimir invariants

1
Ci=—5JapJ"", (436)
Co=WaW4,  WA=ABCPE fp00pE. (437)

Using Eqgs. (424) and (427), we find that

1 1 -
C1=D*+ 51 K} + 5 Lis LY, (438)
which turns out to be, in the explicit representation Eq. (428),
2 29
H?C =—-5—->-—+ V2 439
YT Tap o (439)
As a result, C; is the Laplace operator on the de Sitter hyperboloid and for a scalar field ¢(x) we
have
m2
Cig(z) = ﬁﬂ”ﬁ) (440)
Let us now consider the case Hn < 1. The parametrization (419) turns out then to be
o__ L _1a?
2H?n 27’
X'=—,
Hn
1 122
5
_ el 441
2H?2n + 27 (441)
and we may easily check that the hyperboloid has been degenerated to the hypercone
-Xi+ X2+ X2 =0, (442)

We identify points X4 = AX4 (which turns the cone (442) into a projective space). As a result, 7
in the denominator of the X4 can be ignored due to projectivity condition. Then, on the cone, the
conformal group acts linearly, whereas induces the (non-linear) conformal transformations z; —

with

I =a;+ Mz, (443)
T = A\wj, (444)
p z; + bix? (445)

YT + 2bjx; + b2x2’
on Euclidean R? with coordinates z*. These transformations correspond to translations and rotations
(generated by P;, L;j;), dilations (generated by D) and special conformal transformations (generated
by K;), respectively, acting now on the constant time hypersurfaces of de Sitter space-time. It should

be noted that special conformal transformations can be written in terms of inversion
;T
T = 4= g (446)

as inversion X translation xinversion.
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12.1 Killing vectors of the de Sitter space

We have seen that the essential kinematical feature of a vacuum dominated de Sitter universe is that
the conformal group of certain embeddings of three dimensional hypersurfaces in de Sitter space-time
may be mapped (either one-to-one or multiple-to-one) to the geometric isometry group of the full
four dimensional space-time into which the hypersurfaces are embedded. The first example of such
an embedding of three dimensional hypersurfaces is that of flat Euclidean R? in de Sitter space-time
in coordinates. The conformal group of the three dimensional spatial R? sections is in fact identical
(isomorphic) to the isometry group SO(4,1) of the four dimensional de Sitter space-time, as we now
review.

Since (eternal) de Sitter space is maximally symmetric, it posseses the maximum number of

(n+1)

isometries for a space-time in n = 4 dimensions, namely "T = 10, corresponding to the 10

solutions of the Killing equation,
Vel + Vel =0, pr=0,1,23; a=1,...,10. (447)

Each of the 10 linearly independent solutions to this equation (labelled by «) is a vector field in
de Sitter space corresponding to an infinitesimal coordinate transformation, x* — z* + €*(x) that
leaves the de Sitter geometry and line element invariant. These are the 10 generators of the de Sitter
isometry group, the non-compact Lie group SO(4,1).

The isomorphism with conformal transformations of R3 is that each of these 10 solutions of (447)
may be placed in one-to-one correspondence with the 10 solutions of the conformal Killing equation

of three dimensional flat space R3, i.e.
2
;6\ + 0;6() = 50 O™ i k=1,2,3; a=1,...10. (448)

In (447) the space-time indices u, v range over 4 values and V, is the covariant derivative with
respect to the full four dimensional metric of de Sitter space-time, whereas in (448), i,j are three
dimensional spatial indices of the three Cartesian coordinates 2’ of Euclidean R? of one dimension
lower with flat metric d;;. Solutions to the conformal Killing Eq. (448) are transformations of
2t — 2 + £4(F) which preserve all angles in R. This isomorphism between geometric isometries of
(3 + 1) dimensional de Sitter space-time and conformal transformations of 3 dimensional flat space
embedded in it is the origin of conformal invariance of correlation functions generated in a de Sitter
phase of the universe.

The 10 solutions of (448) for vector fields in flat R? are easily found. They are of two kinds. First
there are 6 solutions of (448) with 03¢, = 0, corresponding to the strict isometries of R?, namely 3
translations and 3 rotations. Second, there are also 4 solutions of (448) with 0i{; # 0. These are
the 4 conformal transformations of flat space that are not strict isometries but preserve all angles.
They consist of one global dilation and three special conformal transformations. The Killing Eq.

(447) can be rewritten as

112



gl/)\apf)\ + gu)\alle/\ + aog,uufa =0, (449)

which, for de Sitter space, they provide

atet =0 s (450)
Os€; + 0;¢¢ = 2He;, (451)
(%Gj + 8j6i = 2Ha26ijet . (452)

Its solutions of can be catalogued as follows. For ¢; = 0 we have the three translations,

&g, g2, j=1,23, (453)

)

and the three rotations,

M=o, =™, =123 (454)

T K3

The spatial R? sections also have four conformal Killing vectors which satisfy the Killing vector

equations with ¢, # 0. They are the three special conformal transformations of R3,
GEC) = —2Hz", EEC) = H?a®(6;"6 a7 x® — 26,27 2™) — 67, n=123, (455)

and the dilation,
¢ =1, egD) = Ha?6;j27 . (456)

This last dilational Killing vector is the infinitesimal form of the finite dilational symmetry,

X — AX, (457)
a(t) = X ta(r), (458)
t—t—H 'ln\ (459)

of de Sitter space. Since the maximum number of Killing isometries in 4 dimensions is 10, there
are no other solutions and de Sitter space, being a fully symmetric space, possesses the maximum
number of symmetries.

We can understand the issue of scale-invariance rather easily looking at the symmetries of de
Sitter. In conformal time the metric during inflation reads approximately de Sitter

ds? (—d7? 4 dx?), (460)

= 2.2
whose isometry group is SO(4,1). The time-evolving inflaton background is homogeneous and rota-
tionally invariant, so that translations and rotations are good symmetries of the whole system. The

dilation isometry
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T — AT, X — AX, (461)

is also an approximate symmetry of the inflaton background in the limit in which its dynamics varies
slowly in time. It is this isometry which guarantees a scale invariant spectrum, independently of the

inflaton dynamics. In Fourier space dilatations act on a scalar field ¢(x,7) on large scales as

Pk — AP/ - (462)

Indeed, consider a transformation x — Ax. Then, in real space ¢(x) — ¢x(x) = ¢(Ax). Expressing

this in terms of the Fourier transform of ¢(x) gives how the rescaling acts in Fourier space

P(Ax) = / Bhe ™ ™ pk) =273 / d*pePXp(p/A), (463)

where, in the last step, we have made a change in the variable of integration with p = Ak. Therefore,

the two-point function is constrained to have the form

F(k‘lT)
ko

If perturbations become time independent when out of the Hubble radius, the function F' must be

(P11 0kz) = (2m)°87 (ki + ko) (464)

a constant in this limit and this gives a scale invariant spectrum.

13 Non-Gaussianity of the cosmological perturbations

Non-Gaussianity (NG), i.e. the study of non-Gaussian contributions to the correlations of cosmolog-
ical fluctuations, is emerging as an important probe of the early universe. Being a direct measure of
inflaton interactions, constraints on primordial NG’s will teach us a great deal about the inflationary
dynamics and on the mechanism giving rise to the primordial cosmological perturbations. Over the
last decade we have accumulated a good deal of observational evidence from CMB and LSS power
spectra that the observed structures originated from seed fluctuations in the very early universe.
As we have seen, the leading theory explaining the primordial origin of cosmological fluctuations is
cosmic inflation, a period of accelerated expansion at very early times. During inflation, microscopic
quantum fluctuations were stretched to macroscopic scales to provide the seed fluctuations for the
formation of large-scale structures like our own Galaxy. Despite the simplicity of the inflationary
paradigm, the mechanism by which cosmological perturbations are generated is not yet established.
In the standard slow-roll inflationary scenario associated to one-single field, the inflaton, density
perturbations are due to fluctuations of the inflaton itself when it slowly rolls down along its po-

tential. In the curvaton mechanism the final curvature perturbation R is produced from an initial
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isocurvature mode associated with the quantum fluctuations of a light scalar (other than the infla-
ton), the curvaton, whose energy density is negligible during inflation. Recently, other mechanisms
for the generation of cosmological perturbations have been proposed: the inhomogeneous reheating
scenario, ghost-inflation, the DBI scenario, and from broken symmetries to mention a few.

A precise measurement of the spectral index ng of comoving curvature perturbations will pro-
vide a powerful constraint to slow-roll inflation models and the standard scenario for the generation
of cosmological perturbations which predicts ng close to unity. However, alternative mechanisms
generically also predict a value of ni very close to unity. Thus, even a precise measurement of the
spectral index will not allow us to efficiently discriminate among them. On the other hand, the
lack gravity-wave signals in CMB anisotropies will not give us any information about the pertur-
bation generation mechanism, since alternative mechanisms predict an amplitude of gravity waves
far too small to be detectable by future experiments aimed at observing the B-mode of the CMB
polarization.

There is, however, a third observable which will prove fundamental in providing information
about the mechanism chosen by Nature to produce the structures we see today. It is the deviation
from a Gaussian statistics, i.e., the presence of higher-order connected correlation functions of the
perturbations. Indeed, a possible source of NG could be primordial in origin, being specific to a
particular mechanism for the generation of the cosmological perturbations. This is what makes a
positive detection of NG so relevant: it might help in discriminating among competing scenarios
which otherwise might be undistinguishable. While, as we shall see, single-field models of inflation
with canonical kinetic terms generically predict a tiny level of NG (of the order of the slow-roll
parameters), other models for the generation of the curvature perturbation, such as the curvaton
models, may predict a high level of NG. While detection of large primordial NG would not rule out
inflation, it would rule out in a single shot the large class of slow-roll models where inflation is driven
by a single scalar field with canonical kinetic energy.

NG can measured by various methods. A standard approach is to measure non-Gaussian correla-
tions, i.e., the correlations that vanish for a Gaussian distribution, in the CMB and in high-redshift
galaxy surveys. The three-point function, or its Fourier transform, the bispectrum, and the four-
point function, the trispectrum, are examples of such correlations. The dimensionless quantities fnr,
and gn1, set the amplitude of the the bispectrum Bg(k1, ko, k3) and trispectrum Tg(k1, ko, k3, kq) of
the (gauge-invariant) gravitational potential @, respectively.

A large, detectable amount of NG can be produced when any of the following conditions is
violated: single field, canonical kinetic energy, slow-roll and initial adiabatic (the Bunch-Davies)
vacuum; an important theoretical discovery made toward the end of the last decade is that violation
of each of the above conditions results in unique signals with specific triangular shapes: multi-field

models, non-canonical kinetic term models, non-adiabatic-vacuum models (e.g., initially excited
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states), and non-slow-roll models can generate a NG of the local type where the amplitude of the
bispectrum is maximized for squeezed triangles (ks < ko ~ k1); in such a case fll\?f enters in the
second-order gravitational potential ® expressed in terms of the linear Gaussian field ®, (on super-

horizon scales)

(x) = Bg(x) + /N P5(x). (465)

Notice that the parameter of the expansion is fll\?f P, (x which is much smaller than unity, for
sure perturbation theory holds. Alternatively, the NG can be for instance of the equilateral type
(k1 = ko = k3) or of the flattened/folded type (k3 ~ ko ~ 2k1), or even strongly scale-dependent
with a sharp cut-off so that NG is very suppressed on large cosmological scales, but sizeable on small
scales. The latest constraint on fyy, come from the WMAP 7-year data; for instance, fll\?f =32+21
(68% CL) and fy] = 26 4140 (68% CL). While the statistical significance of the signal is still low,
future experiments, as we shall see, such as the Planck CMB satellite might lead to a detection of

loc

local NG as small as f{ ~ 3 by combining the temperature and polarization bispectra. Bispectra

measured from high-redshift galaxy surveys at redshifts z > 2 should yield constraints on fll\?f and
fﬁfi that are comparable to, or even better than, those from CMB experiments.

Non-Gaussianities are also particularly relevant in the high-mass end of the power spectrum
of perturbations, i.e. on the scale of galaxy clusters, since the effect of NG fluctuations becomes
especially visible on the tail of the probability distribution. As a result, both the abundance and
the clustering properties of very massive halos are sensitive probes of primordial NG. The dark
matter (DM) mass function dn(M, z)/dM of halos of mass M at redshift z has been computed in
the presence of NG adopting various different techniques: via N-body simulations and analytically
through the Press-Schechter (PS) approach to mildly NG fields, the Edgeworth expansion and the
excursion set formalism. Deviations from Gaussianity in the DM halo mass function could be
detected or significantly constrained by the various planned large-scale galaxy surveys, both ground
based (such as DES, PanSTARRS and LSST) and on satellite (such as EUCLID).

The local primordial NG also alters the clustering of DM halos inducing a scale-dependent bias
on large scales. Indeed, in the local biasing model the galaxy density field at a given position is
described as a local function of the DM density field at the same position. As the primordial NG
generates a cross-talk between short and long wavelengths, it alters significantly the local bias and
introduces a strong scale dependence. The corresponding limit is —29 < fll\?f < +70 at 95% CL.

It is clear that measuring the primordial component of NG correlations offers a new window into
the details of the fundamental physics of the primordial universe that are not accessible by Gaussian
correlations. To some extent, understanding NG does for inflation what direct detection experiments
do for dark matter, or the Large Hadron Collider for the Higgs particle. It probes the interactions

of the field sourcing inflation, revealing the fundamental aspects of the physics at very high energies
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that are not accessible to any collider experiments.

13.1 The generation of non-Gaussianity in the primordial cosmo-
logical perturbations: generic considerations

In this subsection we wish to give a generic description of how large NG’s can be generated during
the primordial expansion of the universe. Suppose that there is a period of inflation, that is (quasi)
de Sitter expansion and that there are a number of light fields o/ which are quantum mechanically
excited. A we have previously seen, by the d N formalism, the comoving curvature perturbation
¢ on a uniform energy density hypersurface at time t¢ is, on sufficiently large scales, equal to the
perturbation in the time integral of the local expansion from an initial flat hypersurface (¢ = ¢,) to
the final uniform energy density hypersurface. On sufficiently large scales, the local expansion can
be approximated quite well by the expansion of the unperturbed Friedmann universe. Hence the
curvature perturbation at time ¢y can be expressed in terms of the values of the relevant scalar fields
ol(t,,¥) at t, (notice the change of an irrelevant sign with respect to the previous definition of ¢

(332))

1
C(te, &) = Nyo! + §N[ golod 4., (466)

where N; and Njj are the first and second derivative, respectively, of the number of e-folds
te
N(ts, ta, 7) = / dt H(t, 7). (467)
t*

with respect to the field o/. From the expansion (466) one can read off the n-point correlators. For
instance, the three- and four-point correlators of the comoving curvature perturbation, the so-called

bispectrum and trispectrum respectively, is given by
Be(ky, ko, k3) = N{Ny Nk BEE . + NNy Ny (PEEPJE + 2 permutations) (468)
and

Te(ky, ko, ks, k1) = NiNjNgNTUEE
NiyNgNLNy (PEEBIEY, + 11 permutations)

NiyNg Ny Ny (PIEPIM PEN 411 permutations)

+ o+ o+

N1y NeNy Ny (PEEPIM PEN + 3 permutations) | (469)

where
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(of, o) = (2m)3®) (ki + ko) PL/ (470)

(of, o, 0n) = (2m)%60) (ky + ko + k3) BLIK, (471)
(0, 01,01, 0i6,) = (2m)%6%) (k1 + ko + ks + ka) TEE L, (472)

and k;; = (k; +k;). We see that the three-point correlator (and similarly for the four-point one) of
the comoving curvature perturbation is the sum of two pieces. One, proportional to the three-point
correlator of the ¢! fields, is model-dependent and present when the fields o are intrinsically NG.
The second one is universal and is generated when the modes of the fluctuations are superHubble
and is present even if the ¢! fields are Gaussian. Therefore, we learn immediately that NG can be
induced even if the light fields are purely Gaussian at horizon-crossing, this is, for instance, the case
of the curvaton. Nevertheless, in general the NG gets both contributions. Therefore, to compute
the three-point function for a specific inflationary model requires a careful treatment of the time-
evolution of the vacuum in the presence of interactions (while for the two-point function this effect is
higher-order). In practice, computing three-point functions can be algebraically very cumbersome,
so we restrict us to citing the final results. The details on how to compute these three-point functions

deserves a review of its own. Let us just sketch them.

13.2 A brief Review of the in-in formalism

The problem of computing correlation functions in cosmology differs in important ways from the
corresponding analysis of quantum field theory applied to particle physics. In particle physics the
central object is the S-matrix describing the transition probability for a state in the far past [)
to become some state [¢') in the far future, (¢/'|S|¢)) = (¢'(+00)|¢p(—00)). Imposing asymptotic
conditions at very early and very late times makes sense in this case, since in Minkowski space,
states are assumed to non-interacting in the far past and the far future, i.e. the asymptotic state
are taken to be vacuum state of the free Hamiltonian Hj.

In cosmology, however, we evaluate the expectation values of products of fields at a fized time.
Conditions are not imposed on the fields at both very early and very late times, but only at very early
times, when the wavelength is deep inside the horizon. In this limit (according to the equivalence
principle) the interaction picture fields should have the same firm as in Minkowski space. This lead
us to the definition of the Bunch-Davies vacuum (the free vacuum in Minkowski space).

To describe the time evolution of cosmological perturbations we split the Hamiltonian into a free
part and an interacting part

H = Hy + Hy . (473)

The free-field Hamiltonian Hy is quadratic in perturbations. Quadratic order was sufficient to

compute the two-point correlations. However, the higher-order correlations that concerned us in
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our study of NG require going beyond quadratic order and defining the interaction Hamiltonian
Hi,i. The interaction Hamiltonian defines the evolution of states via the well-known time-evolution

operator
T2
U(re, 1) =Texp <—z/ dT/Hint(T/)> , (474)
T1

where T' denotes the time-ordering operator. The time-evolution operator U may be used to relate
the interacting vacuum at arbitrary time [(7)) to the free (Bunch-Davies) vacuum |0). We first

expand (1) in eigenstates of the free Hamiltonian,
) = [n)(n|(r)). (475)

Then we evolve |(7)) as

Q7)) = U7z, m1)IQ(r1)) = [0)(0]2) + > e (=) (n]Q (7)) . (476)
n>1
From Eq. (476) we see that the choice 79 = —oo(1 — i€) projects out all excited states. Hence, we
have the following relation between the interacting vacuum at 7 = —oo(1 — ie€) and the free vacuum
0)
[Q(—00(1 —i€))) = [0)(0|2) . (477)

Finally, the interacting vacuum at an arbitrary time 7 is
lin) = [Q7)) =U(r, —oo(1 — i€))|Q(—o0(1 — i€))) (478)

— Texp (—z’ / ' dr’ int(#)) 10Y(0[€2) . (479)

—oo(1—ie)

In the “in-in” formalism, the expectation value (W (7)), of a product of operators W (r) at time 7,

is evaluated as

(in[W(r)lin)

= — = 4
W) il (150)
. [T ! ! T - [T 1 1
= (0] (e et a7 ) Ty () (et oo Hin700) g, (481)
or
<W(T)> — <0‘ (Te—i fzoof Hint(T’)dT’) W(T) <T€_'L fzoo+ Hint(T”)dT”) ’0> , (482)
where we defined the anti-time-ordering operator T' and the notation —oo* = —oo(1 F i¢). This

definition of the correlation functions (W (7)) in terms of the interaction Hamiltonian Hi, is the
main result of the “in-in” formalism. The interaction Hamiltonian is computed in the ADM approach

to General Relativity and (W (7)) is then evaluated perturbatively.
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For instance, this formalism can be used to compute the three-point function of the curvature

perturbation ¢ for various inflationary models,

(G Gaiea) (1) = (O] (T e Fn™7) G (7) Gy (7) ey (7) (T et 703 o)y (483)

Let us sketch how the interaction Hamiltonian is computed The inflationary action is expanded
perturbatively
S = Sol@, Guw] + S2[¢] + S3[¢%] + - (484)

Here, we have defined a background part Sy, a quadratic free-field part Ss and a non-linear interaction
term S3. The background action Sy defines the Hubble parameter H and the slow-roll parameters
e and 7. The free-field action S defines the time-evolution of the mode functions {(7) in the
interaction picture (often denoted by (i(7)). The non-linear part of the action defines the interaction
Hamiltonian, e.g. at cubic order S5 = — f d7 Hing(¢1). Schematically, the interaction Hamiltonian

takes the following form

Hine = Z filesn, .. )G (). (485)

If we define the expansion of the operator corresponding to the Mukhanov variable, v = 2a%¢ R, in

terms of creation and annihilation operators
(1) = vp(T)an + vi(r)al . (486)
The mode functions vg(7) were defined uniquely by initial state boundary conditions when all modes

on(r) = QJ% (1 - ;T) . (487)

The free two-point correlation function is

were deep inside the horizon

(0], (1)1, (12)[0) = (27)°6) (K1 + ko) Gy (71, 72) (488)
with
G, (11, 72) = vp(11)vp(72) . (489)

Expansion of Eqn. (483) in powers of Hiy gives:

e at zeroth order
(W () = (0w (r)|0), (490)

where W (7) = (i, (7)Ck, (T) G5 (7)-

e at first order
-

W ()M = 2Re {—@' / A7’ (O|W (1) Hipe (71)|0) | (491)

—oot
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e at second order

W) = —2Re /_ ’ ar /_ ’ O () Hiaa () Hi () 0)

4 / o / ’ AT O] Hi (7)) Hi ()0). (492)

In the bispectrum calculations the zeroth-order term (490) vanishes for Gaussian initial conditions.
The leading result therefore comes from Eq. (491). Evaluating Eq. (491) makes use of Wick’s theorem

to expresses the result as products of two-point functions (489).

13.3 The shapes of non-Gaussianity

Let us discuss the various shapes of the NG. One of the first ways to parameterize non-Gaussianity

phenomenologically was via a non-linear correction to a Gaussian perturbation R,

C00) = Galx) + 2 A5 G0 — (G0 | (493)

This definition is local in real space and therefore called local NG. Experimental constraints on
non-Gaussianity are often set on the parameter i defined via Eq. (493). The factor of 3/5 in
Eq. (493) is conventional since non-Gaussianity was first defined in terms of the Newtonian potential,
P(x) = Pg(x) + [ [®g(x)? — (Pg(x)?)], which during the matter era is related to ¢ by a factor
of 3/5. Using Eq. (493) the bispectrum of local non-Gaussianity may be derived

Be(ln, ko) = ¢ F95% [Pk Polho) + Pelka) Pelks) + Pe(k) (k)] - (494)

For a scale-invariant spectrum, Py(k) = Ak™3, this is

6

1 1 1
Be(k1, ko, k3) = s local o A2

(k1k2)3 - (koks)? " (ksk1)? |

(495)

Without loss of generality, let us order the momenta such that k3 < ko < k. The bispectrum for
local non-Gaussianity is then largest when the smallest &k (i.e. k3) is very small, ks < k1 ~ ko.
The other two momenta are then nearly equal. In this squeezed limit, the bispectrum for local
non-Gaussianity becomes

12
lim  Br(ki, ko, ks) = — 190 x Pp (k1) Pe(ks) 496
k<l ok (k1 ba, k) 5 N k) Pe(ks) (4%6)

The delta function in the definition of the bispectrum enforces that the three Fourier modes of
the bispectrum form a closed triangle. Different inflationary models predict maximal signal for
different triangle configurations. This shape of non-Gaussianity is potentially a powerful probe of

the mechanism that laid down the primordial perturbations.
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It will be convenient to define the shape function
S(k1, ka, k3) = N(kikaks)* B¢ (k1, ka2, k3) , (497)

where NN is an appropriate normalization factor. Two commonly discussed shapes are the local

model, cf. Eq. (495),

K.
Sl (ky, ko, ks) ox —— (498)
Kin
and the equilateral model, o
; kikak
S (K iy k) oc o2 (499)
Kin
Here, we have introduced a notation
K, = > (k) with K=K (500)
1
Ky = 5 ()P ()" (501)
Pq i#]
1
Kper = R D (k)P (kj) (k) (502)
PAT 41
kip = K,—2(k)P with ki =k, (503)
where Apy = 1+ 6, and Apgr = Apg(Agr + dpr) (no summation). This notation significantly

compresses the increasingly complex expressions for the bispectra discussed in the literature.
We have argued above that for scale-invariant fluctuations the bispectrum is only a function of

the two ratios ka/k1 and ks/ki. We hence define the rescaled momenta
T = —. (504)

We have ordered the momenta such that x3 < xo < 1. The triangle inequality implies zo+x3 > 1. In
the following we plot S(1,x9, x3) (see Figs. 16, 18, and 19). We use the normalization, S(1,1,1) = 1.
To avoid showing equivalent configurations twice S(1,x2,x3) is set to zero outside the triangular
region 1 — 29 < x3 < x9. We see in Fig. 16 that the signal for the local shape is concentrated at
x3 ~ 0, xo &~ 1, while the equilateral shape peaks at xo ~ x3 ~ 1. Fig. 17 illustrates how the different
triangle shapes are distributed in the xs-z3 plane.

Physically motivated models for producing non-Gaussian perturbations often produce signals

that peak at special triangle configurations. Three important special cases are:
i) squeezed triangle (k1 = ko > ks3)
This is the dominant mode of models with multiple light fields during inflation.
ii) equilateral triangle (k1 = ko = k3)
Signals that peak at equilateral triangles arise in models with higher-derivative interactions

and non-trivial speeds of sound.
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Figure 16: 3D plots of the local and equilateral bispectra. The coordinates zo and x3 are the
rescaled momenta ko/k1 and ks/ki, respectively. Momenta are order such that z3 <

x2 < 1 and satsify the triangle inequality zo + x3 > 1.
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Figure 17: Shapes of Non-Gaussianity. The coordinates xy and x3 are the rescaled momenta ks /ky
and ks/ky, respectively. Momenta are order such that xs < x93 < 1 and satsify the

triangle inequality xo + x3 > 1.

iii) folded triangle (k1 = 2k = 2k3)

Folded triangles arise in models with non-standard initial states.

In addition, there are the intermediate cases: elongated triangles (k1 = ko+ks) and isosceles triangles

(k1 > ko = ks). For arbitrary shape functions we measure the magnitude of NG by defining the
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Figure 18: Contour plot of the local bispectrum.
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Figure 19: Contour plot of the equilateral bispectrum.

generalized fn1, parameter

5 Be(k,k, k)

18 Pe(k)? (505)

JNL

In this definition the amplitude of non-Gaussianity is normalized in the equilateral configuration.

13.4 Theoretical Expectations

Let us analyze what are the theoretical expectations from the various classes of models.

13.4.1 Single-Field Slow-Roll Inflation

Successful slow-roll inflation demands that the interactions of the inflaton field are weak. Since the
wave function of free fields in the ground state is Gaussian, the fluctuations created during slow-roll

inflation are expected to be Gaussian. A lengthy computation gives
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K K
S (ki, ks k) o< (€ —2n) <K12 + 822) (506)
Kin K

5 .
A~ (4e — 2n) S (ky, ko, k3) + geseqml(lﬁ, ko, k3), (507)

where S°¢@l and Se4! are normalized so that S'°°(k, k, k) = Se9l(k, k, k). The bispectrum for
slow-roll inflation peaks at squeezed triangles and has an amplitude that is suppressed by slow-roll

parameters

L= 0(en). (508)

To get convinced about this result one can use the § /N formalism applied to a single field model.
One finds that

Nog
INL ~ —5 - (509)
Ny
Using the fact that Ny, = H/, one gets that
Ngg 1 d H H¢ ¢2 H ¢
2o Ny= (= -2 == - L) =(—c+n-—e =n—2c. (510)
NG NGodt <¢ ¢2> o m T\ B H)

This incomplete result makes intuitive sense since the slow-roll parameters characterize deviations
of the inflaton from a free field. To get the full behaviour, let us consider Eq. (468) restricting

ourselves to the one-single field case. Then

Be(k1 ko, ks) = NIBY o+ N3Ny (P¢(k;1)P¢(k2) ) permutations) : (511)

At first-order we have 5(1)1((1) ~ (H/2m). However at second-order there is a local correction to the
amplitude of vacuum fluctuations at Hubble exit due to first-order perturbations in the local Hubble
rate H (¢). This is determined by the local scalar field value due to longer wavelength modes that

have already left the horizon

ke d3k
(2m)3

where k. is the cut-off wavenumber which selects only long wavelength perturbation at horizon

H(¢) = H(¢) + H'() /O I (512)

crossing. Thus for a mode k1 ~ ko > k3 one can write at second-order

H' ke d3 kl
H Jy (2r)3
where k1 ~ ko > k.. The bispectrum for the 1nﬂat10n field therefore reads in the squeezed limit

5¢k1 5¢k’ (M)kl K (513)
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HI
B, = (00001)001)) + (5030) 0012001} = (2m)°6) (lr + Ky + k)27 PO (ha) P ()

2

—2¢ <g> (2m)30) (k1 + ko + k3) P?(ks) P? (k1)
= —2eN4(21)%0®) (kg + ko + k3) P?(k3) P (k1) . (514)

Using Eq. (510) we then get

Be(ki, ko, ks) = (2m)36@) (ki + ka + ks) | —2eN3P? (k) P?(k1) + 2( — 2¢) P (ks) P (k)
= (20— 66)PC(ks)P* (k1)
= (n¢ — 1)P(k3)P(ky) (515)
and we have obtained a (n¢—1) suppression. In fact, this result goes beyond the slow-roll assumption:

under the assumption of single-field inflation, but no other assumptions about the inflationary action,

one is able to prove a powerful theorem

(Ciy Ciea Cics) = (2m)36®) (kg + ko + k) (ne — 1) Pe(k1) Pe(ks) |. (516)

lim
ks—0

Eq. (516) states that for single-field inflation, the squeezed limit of the three-point function is
suppressed by (1 — n¢) and vanishes for perfectly scale-invariant perturbations. The same happens
for higher-order correlators. A detection of non-Gaussianity in the squeezed limit can therefore rule
out single-field inflation. In particular, this statement is independent of: the form of the potential,
the form of the kinetic term (or sound speed) and the initial vacuum state.

The proof is the following. The squeezed triangle correlates one long-wavelength mode, kr, = k3

to two short-wavelength modes, kg = k1 ~ ko,

{Cier Giea Cies) = ((Cks)*Cher) - (517)

Modes with longer wavelengths freeze earlier. Therefore, k1, will be already frozen outside the horizon

when the two smaller modes freeze and acts as a background field for the two short-wavelength modes.

Why should (Cks)2 be correlated with (x, ? The theorem says that “it is not correlated if (y

is precisely scale-invariant”. The proof is simplest in real-space. The long-wavelength curvature

perturbation (i, rescales the spatial coordinates (or changes the effective scale factor) within a
given Hubble patch

ds® = —dt? + a®(t)e 2 dx>. (518)

The two-point function ((k, (k,) will depend on the value of the background fluctuations (i, already

frozen outside the horizon. In position space the variation of the two-point function given by the
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long-wavelength fluctuations (g, is at linear order

0 d
— 0)) (L=—2— 0)) - ¢ - 519
5 €@ -G = —a (@) -G (519)
To get the three-point function one multiplies Eq. (519) by (1, and average over it. Going to Fourier
space gives Eq. (516).

13.4.2 Models with Large Non-Gaussianity

Although for a single-field slow-roll inflation non-Gaussianity is always small, single-field models can
still give large non-Gaussianity if higher-derivative terms are important during inflation (as opposed
to assuming a canonical kinetic term and no higher-derivative corrections as in slow-roll inflation).

Consider the following action
1
§=35 / d*zv/=g[R — P(X,$)] , where X = (9,6)>. (520)

Here, P(X, ¢) is an arbitrary function of the kinetic term X = (9,¢)? and hence can contain higher-
derivative interactions. These models in general have a non-trivial sound speed for the propagation

of fluctuations

= P,x+];§<P,xx‘ (521)
The second-order action for ¢ (giving Pg) is
S = [ e [a(02/e ~ a@ic] + 0(@) (522)
The third-order action for ¢ is
S@) = /d% €2 [...aS(é)QC/cg +...a(8i<)2C+...a3(¢')3/c§} +0(e%) . (523)

We notice that the third-order action is surpressed by an extra factor of e relative to the second-
order action. This is a reflection of the fact that non-Gaussianity is small in the slow-roll limit:
P(X,¢) = X —V(¢), ¢2 = 1. However, away from the slow-roll limit, for small sound speeds, ¢? < 1,
a few interaction terms in Eq. (523) get boosted and non-Gaussianity can become significant. The

signal is peaked at equilateral triangles, with
equil _ 35 (1 N 5 /1 o, 524
NL 108 <c§ T3 c2 ’ (524)

X?Pxx + 3X3Pxxx
XPy +2X2Pxx

Whether actions with arbitrary P(X,¢) exist in consistent high-energy theories is an important

where

A=

(525)

challenge for these models. It is encouraging that one of the most interesting models of inflation in

string theory,
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13.4.3 Multiple Fields

In single-field slow-roll inflation interactions of the inflaton are constrained by the requirement that
inflation should occur. However, if more than one field was relevant during inflation this constraint
may be circumvented. Models like the curvaton mechanism or inhomogeneous reheating exploit this
to create non-Gaussian fluctuations via fluctuations is a second field that is not the inflaton. The
signal is peaked at squeezed triangles. Let us describe in some detail the curvaton case. We expand
the curvaton field up to first-order in the perturbations around the homogeneous background as
o(1,x) = 0o(7) + do, the linear perturbations satisfy on large scales

S +2Hb0’ + aZaQ—V S0 =0. (526)

Oo?

As a result on superHubble scales its fluctuations do will be Gaussian distributed and with a nearly

scale-invariant spectrum given by

~— 2
=3 (527)

where the subscript * denotes the epoch of horizon exit & = aH. Once inflation is over the inflaton
energy density will be converted to radiation (7) and the curvaton field will remain approximately
constant until H? ~ m2. At this epoch the curvaton field begins to oscillate around the minimum
of its potential which can be safely approximated to be quadratic V =~ %mgaz. During this stage
the energy density of the curvaton field just scales as non-relativistic matter py oc a=2. The energy
density in the oscillating field is

Po(T,X) & mgaz(n X), (528)

and it can be expanded into a homogeneous background p,(7) and a second-order perturbation dp,
as

po(T,X) = po(T) + 6po(7,%X) = m2c + 2m?2 o do + m2éo?. (529)

The ratio o /o remains constant and the resulting relative energy density perturbation is

2
s _ <50) + <50> : (530)
Po o/, o),

where the * stands for the value at horizon crossing. Such perturbations in the energy density of
the curvaton field produce in fact a primordial density perturbation well after the end of inflation
and a potentially large NG.

During the oscillations of the curvaton field, the total curvature perturbation can be written as

a weighted sum of the single curvature perturbations

C=01=f)+ [ (531)
where the quantity
3po
S 532
f 4py + 3ps (532)
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defines the relative contribution of the curvaton field to the total curvature perturbation. Working
under the approximation of sudden decay of the curvaton field. Under this approximation the cur-

vaton and the radiation components p, and p, satisfy separately the energy conservation equations

ply=—4MHpy,
p; =—-3Hpo, (533)

and the curvature perturbations (; remains constant on superHubble scales until the decay of the
curvaton. In the curvaton scenario it is supposed that the curvature perturbation in the radiation
produced at the end of inflation is negligible. From Eq. (531) the total curvature perturbation during
the curvaton oscillations is given by

2
C:fcgzg(ii(f:g[Q(?) +(5;>] ; (534)

*

from which we deduce that

3

(Ge = (62 Ge = (2f/3)(d0/0)x, (535)

and therefore

)

loc

= —. 536
k=1 (536)

We discover that the NG can be very large if f < 1. Furthermore, the NG is of the local type. This
is because it is generated not at horizon-crossing, but when the fluctuations are already outside the
horizon.

It is nice to reproduce the same result with the J N formalism. In the absence of interactions,
fluids with a barotropic equation of state, such as radiation (P, = p,/3) or the non-relativistic
curvaton (P, = 0), have a conserved curvature perturbation (notice again a change of an irrelevant
sign from Eq. (332))

1 [Pi dﬁi
;i =O0N + = _— 537
G=0N+3 /,) Pt Pi(o) (537)

We assume that the curvaton decays on a uniform-total density hypersurface corresponding to H =
I', i.e., when the local Hubble rate equals the decay rate for the curvaton (assumed constant). Thus

on this hypersurface we have

Py (tde(» X) + Po (tdem X) = ﬁ(tdec) 5 (538)

where, for the sake of clarity, we use a bar to denote the homogeneous, unperturbed quantity. Note
that we have ( = § N on the decay surface, and we can interpret { as the perturbed expansion, or
“6N”. Assuming all the curvaton decay products are relativistic, we have that ( is conserved after

the curvaton decay since the total pressure is simply P = p/3.
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By contrast the local curvaton and radiation densities on this decay surface may be inhomoge-

neous and we have from Eq. (537)

1 P
= i 539
G = crym(2). (589

L. (ps
. = —In( =), 540
A (m) (340)

or, equivalently,

p7 — ﬁ764(C7_C) , (541)
Pe = peele=9. (542)

Requiring that the total density is uniform on the decay surface, we obtain the relation
(1— deec)e‘l(CrC) + Qg’deceS(CrC) =1, (543)

where Q4 gec = po/(Py + po) is the dimensionless density parameter for the curvaton at the decay
time.

For simplicity we will restrict the following analysis to the simplest curvaton scenario in which
the curvature perturbation in the radiation fluid before the curvaton decays is negligible, i.e., ¢, = 0.
After the curvaton decays the universe is dominated by radiation, with equation of state P = p/3,
and hence the curvature perturbation, ¢, is non-linearly conserved on large scales. With ¢, = 0
Eq. (543) reads

e~ [ ece™ | €€ + (O e — 1] = 0. (544)
At first-order Eq. (543) gives
4(1 = Qo.aec) M = 305 qec (¢SV — ¢ (545)
and hence we can write
¢W = f¢v, (546)
where 0 _
f 3 odec 3D (547)

T4 Qa,dec - 3ps —|—4ﬁ7 . .
At second order Eq. (543) gives

4(1 = Qgaee)C® = 16(1 = Qp gee)CM? = 3Q5.40e (€2 = ¢P) + 904 e (CV — ¢D)2 (548)
and hence
3
2 — 2 )2 4

which gives again Eq. (536).
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13.4.4 A test of multi-field models of inflation

The collapsed limit of the four-point correlator is particularly important because, together with
the squeezed limit of the three-point correlator, it may lead to the so-called Suyama-Yamaguchi
(SY) inequality. Consider a class of multi-field models which satisfy the following conditions: a)
scalar fields are responsible for generating curvature perturbations and b) the fluctuations in scalar
fields at the horizon crossing are scale invariant and Gaussian. The second condition amounts to
assuming that the connected three- and four-point correlations of the o fields vanish and that the
NG is generated at superHubble scales. If so, the three- and four-point correlators of the comoving

curvature perturbation (468) and (469) respectively reduce to

Be(ki, ko, ks) = N{Ny Ny, (PLE PJF + 2 permutations) (550)
and
Te(k1, ko k3, ka) = NipgNgrNuNy (P,ij;P,flMP,gN +11 permutations)
+ NpgNLNyNy (PEEPIM PEYN + 3 permutations) (551)

Notice in particular that in the collapsed limit kio ~ 0 the last term of the four-point correlator

(551) is subleading. By defining the nonlinear parameters fxi, and 7Ny, as

i <Ck1 Ckz Ckg >I

INL k1 < kg ~ k3),
12 kal pé ( )
1 ) !
™NL = 4<Ck1§k2§k5€k4> (k12 ~0). (552)
Pkl Pkspku

From these expressions we deduce that

6 NIN ;N7
== NNDE (553)
and
NIN; NTK Ny
= 4
NL N, NTPP (554)

Defining now the vectors V7 = NyyN” and N'and using the Cauchy-Schwarz inequality (V - N)? <
V2N2, we may immediately deduce that

(ViVI)(N;NT) > (ViNT)?2 = (NN N NEY(NyNT) > (NI Ny NT)? (555)

or

6 2
TNL > <5fNL) . (556)
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In fact, this inequality holds also if the light fields are not Gaussian at horizon-crossing. The SY in-
equality is more a consequence of fundamental physical principles rather than of pure mathematical
arrangements. The observation of a strong violation of the inequality will then have profound impli-
cations for inflationary models as it will imply either that multi-field inflation cannot be responsible
for generating the observed fluctuations independently of the details of the model or that some new

non-trivial degrees of freedom play a role during inflation.

13.4.5 Non-Standard Vacuum

If inflation started in an excited state rather than in the Bunch-Davies vacuum, remnant non-
Gaussianity may be observable (unless inflation lasted much more than the minimal number of
e-folds, in which case the effect is exponentially diluted). The signal is peaked at folded triangles

with a shape function

K
(K13 — K3) + 4—

Klll (/{1]{?2]%3)2 .

SfOlded(k‘l, kz, kd) x (557)

Part V
The impact of the non-Gaussianity on

the CMB anisotropies

Statistics like the bispectrum and the trispectrum of the CMB can be used to assess the level of
primordial NG (and possibly its shape) on various cosmological scales and to discriminate it from the
one induced by secondary anisotropies and systematic effects. A positive detection of a primordial
NG in the CMB at some level might therefore confirm and/or rule out a whole class of mechanisms
by which the cosmological perturbations have been generated.

One should take into account that there are many sources of NG in CMB anisotropies, beyond
the primordial one. The most relevant sources are the so-called secondary anisotropies, which arise
after the last scattering epoch. These anisotropies can be divided into two categories: scattering
secondaries, when the CMB photons scatter with electrons along the line of sight, and gravitational
secondaries when effects are mediated by gravity. Among the scattering secondaries we may list the
thermal Sunyaev-Zeldovich effect, where hot electrons in clusters transfer energy to the CMB pho-
tons, the kinetic Sunyaev-Zeldovich effect produced by the bulk motion of the electrons in clusters,
the Ostriker-Vishniac effect, produced by bulk motions modulated by linear density perturbations,

and effects due to reionization processes. The scattering secondaries are most significant on small
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angular scales as density inhomogeneities, bulk and thermal motions grow and become sizeable on
small length-scales when structure formation proceeds.

Gravitational secondaries arise from the change in energy of photons when the gravitational
potential is time-dependent, the ISW effect, and gravitational lensing. At late times, when the
Universe becomes dominated by the dark energy, the gravitational potential on linear scales starts
to decay, causing the ISW effect mainly on large angular scales. Other secondaries that result from a
time dependent potential are the Rees-Sciama effect, produced during the matter-dominated epoch
by the time evolution of the potential on non-linear scales.

The fact that the potential never grows appreciably means that most second order effects created
by gravitational secondaries are generically small compared to those created by scattering ones.
However, when a photon propagates from the last scattering to us, its path may be deflected because
of the gravitational lensing. This effect does not create anisotropies, but only modifies existing ones.
Since photons with large wavenumbers k are lensed over many regions (~ k/H, where H is the Hubble
rate) along the line of sight, the corresponding second-order effect may be sizeable. The three-point
function arising from the correlation of the gravitational lensing and ISW effects generated by the
matter distribution along the line of sight and the Sunyaev-Zeldovich effect are large and detectable
by Planck. A crucial issue is the level of contamination to the extraction of the primordial NG the
secondary effects can produce.

Another relevant source of NG comes from the physics operating at the recombination. A
naive estimate would tell that these non-linearities are tiny being suppressed by an extra power
of the gravitational potential. However, the dynamics at recombination is quite involved because
all the non-linearities in the evolution of the baryon-photon fluid at recombination and the ones
coming from general relativity should be accounted for. This complicated dynamics might lead to
unexpected suppressions or enhancements of the NG at recombination. Recently the computation
of the full system of Boltzmann equations, describing the evolution of the photon, baryon and Cold
Dark Matter (CDM) fluids, at second order and neglecting polarization, has been performed. These
equations allow to follow the time evolution of the CMB anisotropies at second order on all angular
scales from the early epochs, when the cosmological perturbations were generated, to the present
time, through the recombination era. These calculations set the stage for the computation of the
full second-order radiation transfer function at all scales and for a a generic set of initial conditions
specifying the level of primordial NG. Of course, for specific effects on small angular scales like
Sunyaev-Zel’dovich, gravitational lensing, etc., fully non-linear calculations would provide a more
accurate estimate of the resulting CMB anisotropy, however, as long as the leading contribution to
second-order statistics like the bispectrum is concerned, second-order perturbation theory suffices.

While post-inflationary contributions to the NG in the CMB anisotropies are expected to be of

order unity, as we shall describe later in a oversimplified example, if the primordial NG is much
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larger than unity one can safely use the linear transfer function. Indeed, in the evolution of the
CMB anistropies, the primordial NG enters as an initial condition. Suppose for instance that at

second-order one has an equation of the symbolic form

F1o@ oW .1 =g[@m2 ...]. (558)

The second-order gravitational potential ®? will be the sum of the homogeneous solution plus
the inhomogeneous proportional to the source. The homogeneous solution resembles the first-order
solution with some NG initial condition set on primordial epochs. If, for instance, |fnr,| > 1, then
the primordial NG dominates and one can effectively work at the linear level. This observation is

crucial to assess the impact of large NG on the CMB anisotropies.

13.5 Why do we expect NG in the cosmological perturbations?

Before tackling the problem of interest — the computation of the cosmological perturbations at
second-order after the inflationary era— we first provide a simple, but insightful computation, which
illustrates why we expect that the cosmological perturbations develop some NG even if the latter
is not present at some primordial epoch. This example will help the reader to understand why
the cosmological perturbations are inevitably affected by nonlinearities, beyond those arising at
some primordial epoch. The reason is clear: gravity is nonlinear and it feeds this property into the
cosmological perturbations during the post-inflationary evolution of the universe. As gravity talks
to all fluids, this transmission is inevitable. We will adopt the Poisson gauge which eliminates one
scalar degree of freedom from the gg; component of the metric and one scalar and two vector degrees

of freedom from g;;. We will use a metric of the form
ds® = —e*®dt? + 2a(t)wida'dt + a*(t) (e 72V 8;; + xij)da'da? | (559)

where w; and x;; are the vector and tensor peturbation modes respectively. Each metric perturbation
can be expanded into a linear (first-order) and a second-order part, as for example, the gravitational
potential ® = (1) 4+ ) /2. However in the metric (559) the choice of the exponentials greatly helps
in computing the relevant expressions, and thus we will always keep them where it is convenient.
We now consider the long wavelength modes of the CMB anisotropies, i.e. we focus on scales
larger than the horizon at last-scattering. We can therefore neglect vector and tensor perturbation
modes in the metric. For the vector perturbations the reason is that we are they contain gradient
terms being produced as non-linear combination of scalar-modes and thus they will be more impor-
tant on small scales (remember linear vector modes are not generated in standard mechanisms for
cosmological perturbations, as inflation). The tensor contribution can be neglected for two reasons.

First, the tensor perturbations produced from inflation on large scales give a negligible contribution
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to the higher-order statistics of the Sachs-Wolfe effect being of the order of (powers of) the slow-roll
parameters during inflation (this holds for linear tensor modes as well as for tensor modes generated
by the non-linear evolution of scalar perturbations during inflation).

Since we are interested in the cosmological perturbations on large scales, that is in perturbations
whose wavelength is larger than the Hubble radius at last scattering, a local observer would see them
in the form of a classical — possibly time-dependent — (nearly zero-momentum) homogeneous and
isotropic background. Therefore, it should be possible to perform a change of coordinates in such a
way as to absorb the super-Hubble modes and work with a metric of an homogeneous and isotropic
Universe (plus, of course, cosmological perturbations on scale smaller than the horizon). We split
the gravitational potential ® as

S =)+ D, (560)

where ®, stands for the part of the gravitational potential receiving contributions only from the

super-Hubble modes; @, receives contributions only from the sub-horizon modes

d% :
o = 0 (aH — k) By ™
l /(271')3 (CL ) k € >

o, = /d%e(k— H) &) > (561)
S - (271')3 a ke )

where H is the Hubble rate computed with respect to the cosmic time, H = a/a, and 6(z) is the
step function. Analogous definitions hold for the other gravitational potential W.

By construction ®, and ¥, are a collection of Fourier modes whose wavelengths are larger than
the horizon length and we may safely neglect their spatial gradients. Therefore ®, and ¥, are only
functions of time. This amounts to saying that we can absorb the large-scale perturbations in the

metric (559) by the following redefinitions

dt = e%dt, (562)
a = ae V. (563)

The new metric describes a homogeneous and isotropic Universe
ds® = —df* 4+ @%6;; dz' da | (564)

where for simplicity we have not included the sub-horizon modes. On super-horizon scales one can
regard the Universe as a collection of regions of size of the Hubble radius evolving like unperturbed
patches with metric (564).

Let us now go back to the quantity we are interested in, namely the anisotropies of the CMB as
measured today by an observer O. If she/he is interested in the CMB anisotropies at large scales,

the effect of super-Hubble modes is encoded in the metric (564). During their travel from the last
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scattering surface — to be considered as the emitter point £ — to the observer, the CMB photons
suffer a redshift determined by the ratio of the emitted frequency we to the observed one wp
To=Te 22, (565)
we
where Tp and Tg are the temperatures at the observer point and at the last scattering surface,
respectively.

What is then the temperature anisotropy measured by the observer? The expression (565)
shows that the measured large-scale anisotropies are made of two contributions: the intrinsic inho-
mogeneities in the temperature at the last scattering surface and the inhomogeneities in the scaling
factor provided by the ratio of the frequencies of the photons at the departure and arrival points.
Let us first consider the second contribution. As the frequency of the photon is the inverse of a time

period, we get immediately the fully non-linear relation

We _ WE —dptdi0 (566)

wo  wo
As for the temperature anisotropies coming from the intrinsic temperature fluctuation at the emis-
sion point, it maybe worth to recall how to obtain this quantity in the longitudinal gauge at first-
order. By expanding the photon energy density p, o Tfyl, the intrinsic temperature anisotropies
at last scattering are given by 6(WTg /T = (1/4)6(1)p7/py. One relates the photon energy den-
sity fluctuation to the gravitational perturbation first by implementing the adiabaticity condition

6Wp,/py = (4/3)6W piy/ prm, where 6™ pp, /pry is the relative fluctuation in the matter component,

and then using the energy constraint of Einstein equations ®) = —(1/2)6()py,/p. The result
is SN T /Te = —2@2}) /3. Summing this contribution to the anisotropies coming from the redshift

factor (566) expanded at first order provides the standard (linear) Sachs-Wolfe effect )Ty /T =
CID(EI) /3. Following the same steps, we may easily obtain its full non-linear generalization.

Let us first relate the photon energy density p., to the energy density of the non-relativistic matter
P by using the adiabaticity conditon. Again here a bar indicates that we are considering quantities
in the locally homogeneous Universe described by the metric (564). Using the energy continuity
equation on large scales dp/0t = —3H (p + P), where H = dIna/df and P is the pressure of the
fluid, we have shown that there exists a conserved quantity in time at any order in perturbation

theory

1 [P dp
3/ WP

As we know, the perturbation ( is a gauge-invariant quantity representing the non-linear extension
of the curvature perturbation on uniform energy density hypersurfaces on superHubble scales for

adiabatic fluids. At the non-linear level the adiabaticity condition generalizes to

1 dﬂmzl/dpv (568)
3) Pm  4J Py
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or

Inpy, =Inp*. (569)
Next we need to relate the photon energy density to the gravitational potentials at the non-linear
level. The energy constraint inferred from the (0-0) component of Einstein equations in the matter-
dominated era with the “barred” metric (564) is

72 _ 8GN _

. 570
5 Pm (570)
Using Eqgs. (562) and (563) the Hubble parameter H reads
— 1lda .
H=-—=e¢"H-T 571
S =t ), 671)

where H = dlna/dt is the Hubble parameter in the “unbarred” metric. Eq. (570) thus yields
an expression for the energy density of the non-relativistic matter which is fully nonlinear, being

expressed in terms of the gravitational potential ®,
Pra = Pme 2% (572)

where we have dropped ¥, which is negligible on large scales.
The expression for the intrinsic temperature of the photons at the last scattering surface T¢ o<
ﬁi/ * follows from Egs. (569) and (572)

Tg =Te 672@8/3 . (573)

Plugging Egs. (566) and (573) into the expression (565) we are finally able to provide the expression
for the CMB temperature which is fully nonlinear and takes into account both the gravitational red-

shift of the photons due to the metric perturbations at last scattering and the intrinsic temperature

anisotropies
To = <°"O> Te e®e/3 (574)
we
From Eq. (574) we read the non-perturbative anisotropy corresponding to the Sachs-Wolfe effect
ST ,
O e®e/3 (575)
To

Eq. (575) represents at any order in perturbation theory the extension of the linear Sachs-Wolfe

effect. At first order one gets
dWTp 1

—p 576
2=z, (576

and at second order @
2 To T (q) ) ' (577)

This result shows that the CMB anisotropies is nonlinear on large scales and that a source of NG is
inevitably sourced by gravity and that the corresponding nonlinearities are order unity in units of

the linear gravitational potential.
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13.6 Primordial non-Gaussianity and the CMB anisotropies

With the assumption of working with large primordial NG, one can estimate the impact of primordial
NG on the on the CMB anisotropies as follows. The observed CMB temperature fluctuation field
AT(n)/T is expanded into the spherical harmonics:

A = / dQﬁATT(“) Vi (1), (578)

where hats denote unit vectors. The CMB angular bispectrum is given by

Zbl}:;gzmd = <a€1m1a42m2a€3m3> ) (579)

and the angle-averaged bispectrum is defined by

0 byl
Btz = Y By (580)

mimams mp m2 Mm3

where the matrix is the Wigner-3j symbol. The bispectrum B)}"*™ must satisfy the triangle

conditions and selection rules: mj + mg +mg =0, {1 + 2 + {3 = even, and |[(; — ;| < {, < l;+{;

for all permutations of indices. Thus, B,"}7*™? consists of the Gaunt integral, G} 7>, defined by

Gz = [ QPR (Vi (8] ()
_ \/(261 +1)(204+1)(203+1) [ & Lo L3 b by 4 (581)
4w 0 0 0 mi1 Mmoo ms3
Goree™® is real, and satisfies all the conditions mentioned above.
Given the rotational invariance of the universe, By, ¢,¢, is written as
BZEZZ;W:; - gzlégsmgbglfgfg ) (582)

where by, ¢,¢, is an arbitrary real symmetric function of ¢1, ¢, and ¢3. This form of equation (582)

is necessary and sufficient to construct generic B)}"*"** under the rotational invariance. Thus, we

shall frequently use by, ¢,¢, instead of BZL;;Z;m?’ in this paper, and call this function the “reduced”
bispectrum, as by, ¢,¢, contains all physical information in BZ%Z;T”S. Since the reduced bispectrum

does not contain the Wigner-3;5 symbol that merely ensures the triangle conditions and selection
rules, it is easier to calculate and useful to quantify the physical properties of the bispectrum.

The observable quantity, the angle-averaged bispectrum By, ¢,¢,, is obtained by substituting
equation (582) into (580),

b€1f253 ) (583)

\/(2@1 +1)(20+1)(203+1) [ 4 la 43
Byyoyes =

47 0 0
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where we have used the identity:

/q 12 {3 M T 201 +1)(20 +1)(2¢5+ 1 0 oy U3
Gortaes ™ = (26 +1)(26 +1)26 + 1) (584)
mimoms mip m2 MmMs3 4w 0 0 0
Alternatively, one can define the bispectrum in the flat-sky approximation,
(a(€1)a(£1)a(ls)) = (2m)26) (€1 + Lo + £3) B(£1, £, £3) , (585)

where £ is the two dimensional wave-vector on the sky. This definition of B(€1, €2, £3) corresponds
to equation (582), given the correspondence of G, 2" — 6 (€1 + £5 + £3) in the flat-sky limit.
Thus,

be,eyes = B(£y,£2,£3) (flat-sky approximation) (586)

is satisfied.

If the primordial fluctuations are adiabatic scalar fluctuations, then

3 ~
i = 47(=0)" [ G550 ()Y, (587)

where, as usual, ®(k) is the primordial curvature perturbation in the Fourier space, and gr¢(k) is

the radiation transfer function. ag, thus takes over the non-Gaussianity, if any, from ®(k).

In this subsection, we explore the simplest weak local model of NG non-linear case:
B(x) = Py(x) + frr (P5(x) — (P5(x))) , (588)

in real space, where ®4(x) denotes as usual the linear Gaussian part of the perturbation.

In the Fourier space, ®(k) is decomposed into two parts:

P (k) = Py(k) + Pna(k), (589)
and accordingly,
A = @y, + gy (590)

where ®ng (k) is the non-linear part defined by

3

Pna(k) = fivn [ / ((21753<I>g(k +p)2%(p) — (2m)*6®) (k) (@2(x))] - (591)

In this model, a non-vanishing component of the ®(k)-field bispectrum is

(g (k1) Pg (ko) Pra(ks)) = 2(27m)%6@) (k1 + ko + ks) fnLPo (k1) Po (k2) (592)

where Pg(k) is as usual the linear power spectrum given by Substituting equation (587) into (579),
using equation (592) for the ®(k)-field bispectrum, and then integrating over angles ki, k3, and ks,
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we obtain the primary CMB angular bispectrum,

B = {0y @iy ) + (05, Oy ) + (0, 0@y )
= 2Gy e /0 "2 [bgl(r)bi(r)bg(;(r)+b§1(r)b'g”NG(r)b§3(r)+bZG(r)b§2(r)b§3(r) :
(593)
where
) = 2 [T kR gra(k)i(hn) (594)
bS(r) = i/OOOdekaLgTz(k)je(k?“)- (595)

Note that b%(r) is a dimensionless quantity, while b} (r) has a dimension of L3. One confirms that
-1
the form of equation (582) holds. Thus, the reduced bispectrum, by, se, = By}2" <QZ};’£§m3)

(Eq.(582)), for the primordial non-Gaussianity is
_ * 2 g NG :
beyvyes =2 redr | by, (7“)b82 (7“)643 (r) + cyclic| . (596)
0

Therefore by, ¢,¢, is fully specified by a single constant parameter fyr,, as the cosmological parameters
will be precisely determined by measuring the CMB angular power spectrum Cj.

We now discuss the detectability of CMB experiments to the primary non-Gaussianity in the
bispectrum. Suppose that we try to fit the observed bispectrum B@’ll'z ¢, Dy theoretically calculated

bispectra which include both primary and secondary sources. Then we minimize y? defined by

i 2
2 Z (Bz”)&sz& -2 AiBlgl)Mg,)

02
2<01 << L3 lilatls

; (597)

where i denotes a component such as the primary, the SZ and lensing effects, extragalactic sources,
and so on. Unobservable modes ¢ = 0 and 1 are removed. In case that the non-Gaussianity is small,
the cosmic variance of the bispectrum is given by the six-point function of ag,,. The variance of

By, 4,04 is then calculated as

Ugﬂg& = <Bt?1€2€3> - <B€13253>2 ~ CflcfchsAflfzfs ) (598)

where Ay, ¢,¢, takes values 1, 2, and 6 for cases of that all ’s are different, two of them are same, and
all are same, respectively. Cy = Cp + Cy is the total CMB angular power spectrum, which includes
the power spectrum of the detector noise C’é\l. We do not include Cy from secondary sources, as they
are totally subdominant compared with the primary C, and Cé\l for relevant experiments.

Taking dx2/0A; = 0, we obtain the normal equation,

(@) (4) obs (2)
Butyts Biatats | 4 _ Bty Bty (599)
0.2 ] 0_2 .
J[2<0 << balatls 2<01 <l2<(3 010203
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Thus, we define the Fisher matrix F}; as

(i) pU)
B B 2 1 1 1 b by 4
F, S Zanstins 2y <€1+2> <€2+2> <£3+2> 1l L

2<41<E<t3 Thitats m 2<61<ly<Ut3 0 0 0

(@ 1)
belfgfgbflfgfg (600)

2
00005

where we have used equation (583) to replace By, ¢,¢, by the reduced bispectrum by, s, (see Eq.(582)
for definition). Since the covariance matrix of A; is Figl, we define the signal-to-noise ratio (S/N);
for a component i, the correlation coefficient r;; between different components ¢ and j, and the

degradation parameter d; of (S/N); due to r;; as

<§>Z = ! , (601)

—1
132
F1
T = (602)
J [—1 -1
Fii Fjj
di = FiF;'. (603)

Note that r;; does not depend on amplitudes of bispectra, but shapes. d; is defined so as d; = 1 for
zero degradation, while d; > 1 for degraded (S/N);.

An order of magnitude estimation of S/N as a function of a certain angular resolution [ is possible

2
I
as follows. Since the number of modes contributing to S/N increases as £3/% and £3 ~
0 00
0.36 x £, we estimate (S/N); ~ (Fy;)'/? as
(S> Lz | [ 60 E )] £ b\ % 4 x 1012 (604)
NJ; 3m 000 (2Cp)32 ’
where we have used £2Cy; ~ 6 x 10719, A full numerical computation leads to
s »
— ~ ¢ x10 fNL- (605)
N/nc

For an experiment like Planck for which the maximum multipole is about 2000 we get that the
minimum value of fxi, detectable is about 10%/2000 ~ 5. How can we estimate analytically the
(S/N)? As we are interested in large multipoles, where the (S/N) is higher, it is convenient to make

use of the flat-sky approximation and write

a(l) = / dzﬂd%(ﬁ)e_iz'ﬁ , (606)
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Figure 20: Signal-to-Noise ratio induced by the bispectrum and by the skewness (the bispectrum

at three coincidence points) for the various experiments.

where we have decomposed 7 into a part orthogonal and parallel to the line of sight as 1 ~ (£, 1).
Indeed, In the flat-sky formalism one chooses a fiducial direction Z and expands at the lowest order

in the angle 6 between Z and n

n = (sin @ cos ¢, sin @ sin ¢, cos §) ~ (£,1), (607)

£ being a two-dimensional vector normal to 2. it is convenient to separate k as the sum of a two-
dimensional vector parallel to the flat sky and a component orthogonal to it, k = (k”,k:z). The

multipole is simply the two-dimensional Fourier transform with respect to £

T0 3 . o,
a(l) = / dr / CL50 (£ - Kl(m —n) 4 051, 7) = / IS0k 7) L (608)
0 27 2

™

where
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Sk, 1) = /07'0 (Tod_:_)QS(\/(kz)2 +02/(10 —7)%,7), (609)

is the radiation transfer function defined by the CMB source function S(k, 7). In this notation, 7
and 75 represent the present-day and the recombination conformal time, respectively and, as we
have said, k% and kil are the momentum components perpendicular and parallel respectively to the
plane orthogonal to the line-of-sight. The radiation transfer function, as we know, is proportional
to the gravitational potential ®(k’), where k/ means k evaluated such that kl = £/(ry — 7).

The (S/N) ratio in the flat-sky formalism is

S\’ foay 1 2p 12p 12 B>(£1, 62, £3)
Z) =5 d26,d26,d%05 5@ (£ + £y + £ 2 1

where fq, stands for the portion of the observed sky. The power spectrum in the flat-sky approxi-

mation is given by

(a(€))a(lsy)) = (2m)26@) (£, + £,)C(01), (611)
with )
(TO(%T)IS)/dkﬂS(E, k)2 . (612)

If we adopt a model with no radiative transfer, that is simply S(¢, k*) = 1/3®(k’)(19 — 71s)?, we get

o) =

2o 1 A
2%~ 92x7 (613)
where we have taken Pg(k) = A/k3. Likewise we can find the bispectrum
2fnLA” (1 :
B(ly o, t) = (4 eyelic
3Bw2 \ 3203
= 6fNL [C(gl)C(KQ) + CyCliC} . (614)
The (S/N) becomes
S\ 2 v f2r A 1 2
<N> = % / A20,d%5d%036%) (€1 + £5 + £3) 02020 (W + Cyclic> , (615)
1t2
and evaluating the above expression we find
S 2 4 Emax
(N) = 5 fay P Al In — (616)

The logarithm is typical of scale invariant primordial power spectra. If the primordial perturbations
were generated by a Poisson process so each point in space was statistically independent, the log-
arithm would be absent and the dependence on £, would solely be ¢ Equation (616) can be

max*

written in a more physical way by relating it to other observables,

S\*_ 4 Umax
(N) :ﬁfﬁLANpixlng =, (617)
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2

fhax 1s the number of observed pixels. We thus reproduce the scaling (%) o/

where Npix = foyl
that one can find with an exact numerical calculation.

There remains the question of why physical processes like Silk damping or cancellation due to
oscillations during the finite width of the last scattering surface do not cause a strong change in the
slope of (S/N) curve at high /. The reason is that there are an equal number of transfer functions
in the numerator and denominator of (S/N)? | so there is a sense that the effects of radiative
transfer cancel out. Of course the transfer functions are not simple multiplicative factors that can
be cancelled, and one has to be careful. We will attempt to explore this in the model by including
the effects of Silk damping by introducing an exponential cutoff to mimic the effects of Silk damping
on the radiation transfer function, S(¢, k*) = ®(k’)(m0 — ms)? exp(—k'?/2k3).

Repeating the above steps we find the power spectrum can be formally evaluated in terms of
Hypergeometric U-functions as

C(0) = 2;:;§e—f%%%zf(1/z,o,e2/e%), (618)
where /p is the Fourier multiple corresponding to the Silk damping scale. We can make an approx-
imation in order to better understand the effects of Silk damping on the CMB power spectrum by

cutting off the integral at k ~ kp, then

A 742/62
o= "2 (619)

2 Y
T L2
so when ¢ < ¢p we recover (apart from the factor 1/9) the no radiative case. Likewise we can
evaluate the three-point functions again in order to facilitate the evaluation of this integral assume

that the exponentials cutoff the region of integration at ki, ks ~ kp.

2 fnr,A? 1 1
Bty b, t5) = 2PN - @y + cyclic| . (620)
4 B\1+8/3,8\/1+8/6,
Then using Eq. (619) and Eq. (620) and assuming ¢ > ¢p, the (S/N) becomes
S\°  fagSRLAD [ o) o, (63 + 03 + 3)?
=) = SNLTD 42012 00d %501 (8 + £y + £3) A5 621
<N> 6t / 1 2 3 ( 1 +4&+ 3) E:%g%gg ( )
The leading term scales as
S 2
(%) x fao et (622

This shows that we can still expect to recover information about fyr, on scales where photon diffusion
is exponentially damping the transfer functions. In practice, both detector noise, angular resolution
and secondary anisotropies will limit the smallest scale that could be used. We see from Fig. (21)
that the exact numerical result is well reproduced. We conclude that a primordial NG of the local

type can be detected through the CMB by an experiment like Planck up to fni, = O(5).
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Figure 21: Signal-to-Noise ratio for the no radiative transfer, the Silk damping model and the

exact numerical case.

13.7 Non-Gaussianity in the CMB anisotropies at recombination
in the squeezed limit

In this subsection we come back to the question of how large is the contamination of NG coming from
the inherently nonlinear evolution of the photon-baryon fluid. While the full computation requires
the full set of second-order Boltzmann equations, here we show that, as long as we are interested in
the squeezed limit of NG, we can indeed perform the computation entirely analytically. Indeed, a
transparent computation of the bispectrum in the squeezed limit can be performed through a conve-
nient coordinate rescaling. To understand such a rescaling, it is important to recall what is generally
the origin of a squeezed non-Gaussian signal: typically the local-form bispectrum is generated when
short-wavelength fluctuations are modulated by long-wavelength fluctuations. In particular we will
focus on the temperature anisotropies at recombination when the long wavelength mode is outside

the horizon, but observable at the present epoch. Thus, the effect of the long wavelength mode
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imprinted at recombination can be described simply by a coordinate transformation. In this way we
can describe in a simple way the coupling of small scales to large scales that can generally produce
the local form bispectrum. A similar cross-talk between large and small scales gives rise to the
ISW-lensing cross-correlation bispectrum.

Our starting metric is

ds? = a®(7) [—62@(17'2 + 6_2\I’dx2] , (623)

where a(7) is the scale factor as a function of the conformal time 7, and we have neglected vector
and tensor perturbations. Instead of solving the complicated network of second-order Boltzmann
equations for the CMB temperature anisotropies, we use the following trick. As the wavenumber
k1 < keq corresponds to a perturbation which is almost larger than the horizon at recombination and
the evolution in time of the corresponding gravitational potential is very moderate (one can easily
check, for instance, that @1({11) (1) changes its magnitude by at most 10% during the radiation epoch
for ki = keq), we can absorb the large-scale perturbation with wavelength ~ ki Lin the metric by
redefining the time and the space coordinates as follows. Let us indicate with ®, and ¥, the parts
of the gravitational potentials that receive contributions only from the large-scale modes k1 < keq-

If the scale factor is a power law a(7) < 7% (v = 1 and « = 2 for the period of radiation and matter

domination, respectively), we can perform the redefinitions

a?(1)e?®edr? = 729?472 = 7247 = A(7)dT = T = eﬁ%T, (624)

and

—2c —a
_ _ _on 204, _ N _ —ap, _
a?(1)e 2Vedx? = 729 2Vedx? = 7% Tra e 2Vedx? = @2(T)dXE = X = eTa e Vix . (625)

In particular, the combination
kT =PtV pr (626)

where k and k are the wavenumbers in the two coordinate systems. Obviously, if one wishes to
account for the fact that at recombination the universe is not fully matter-dominated, one should
perform a more involved coordinate transformation which will eventually depend also on the param-
eter RR.

We make the simplifying assumption that 73 > 7¢q in such a way that the coordinate trans-
formations (624) and (625) can be performed in a matter-dominated period, that is we take a = 2

and
x e "B x ko S%Bk, ng e/ n, (627)
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is the transformation for modes which were outside the horizon at recombination, but are subHubble

at the time of observation. Notice that the rescaling (627) changes also the gravitational potential

1 1
o) = o)

(628)
Notice that for a long wavelength modulating mode that is outside the cosmological horizon today
the power spectrum does not change. This is because in this case both (79 — 75) and k must be
rescaled, so that the integral (612) goes like 1/(7 — 7i5)%k? and does not feel the coordinate rescaling,
as one would expect for such a modulating mode. To compute the bispectrum, we go to the squeezed
limit ¢; < 02,03 (or k1 < ko, ks). In this case @1({11) acts as a background for the other two modes.
One can therefore compute the three-point function in a two-step process: first compute the two-

point function in the background of <I>1((11)

and then the result from the correlation induced by the
background field. Using the Sachs-Wolfe limit for the multipole ¢, this procedure leads to (notice
that the coordinate rescaling, operating the the recombination point, is not relevant for the time as
T0 > Ts)

n 02
(a(£2)a(£3)>®£11) = (a(£2)a(€3))o + 5all + £3)C(£2)(w

In fact, in general, think of a function F'(x2,x3) that depends on the short distance (x2 — x3), but

(629)

also modulated by a long wavelength mode background function Fi(|x2 + x3|/2). One can expand

d
F(x2,x3) = Fo(|x2 — x3|) + F(|x2 +x3//2) @Fo(b@ —x3|)| 4+ (630)
0

If the long wavelength background modulates the amplitude of the two point function is equivalent to

a rescaling of the spatial coordinates, one can trade the derivative with respect to Fy for a derivative
with respect to the log-distance between the points

d3k
(2m)?

If we now integrate over x; and x3, or better over (x; + X2)/2 and (x; — x3)/2 = xg, the second

, d
F k zk-(x1+x2)/2
B(k)e dln|xs — x3]

Fo(|xa — x3])| - (631)

F(XQ,Xg) ~ Fo(‘Xg — X3|) +/
0

piece becomes proportional to (being kg = (ko — k3)/2)

d .
/dgxs Fg(xs)eﬂks'xs ~ /dlnxsx%

dlnzxg dlnzxg

d —ikgx
~ _/dlnxSFO(xS)dln:p (m%e ks S)

= T (&Fu(ks)) (632)



Now, repeating these steps for the two-dimensional problem, being the the rescaling given by x —
e~ %®/3 x and remembering that a(€s + £3) = a(—£;) has a coefficient 1/3 for the SW effect, we get

the expression (629). The corresponding bispectrum therefore reads

dIn [3C(62)]
dIn fg

In multipole space the bispectrum induced by a local primordial NG in the squeezed limit is given

by

B0, 05, 03) = <a(el)<a(zg)a(eg)>> = (2m)2 6@ (8y + €5 + £5)5 C(£1)C(L) (633)

Bloc(l1, £, £3) = 6 f [C(£1)C (€2) + cyel] . (634)

Since at large multipoles the exponential of the transfer function allows to cut off the integral for

k ~k, ~ 750

AE* — (/0 1.2
ClO) ~9—Fe (/6™ (635)
loc

which holds for £ > /., we see that, roughly speaking, the effective f{ coming from the second-order

effects at recombination in the squeezed limit is

e, 5410 [6O(6)]
N6 ding
which confirms our expectation that second-order effects lead to a contamination of order unity in

—0(1), (636)

loc
NL*

Part VI

Matter perturbations

We now discuss how matter perturbations evolve since inflation to the present. We have shown that
inflation generates the seeds for the growth of perturbations with a power spectrum which is nearly
scale invariant on superHubble scales. After perturbations become sub-Hubble again, their evolution
can be described by simple Newtonian analysis and once can show that, at the linear level, the CDM
perturbations grow with a growth function function D4 (a) which reduces to the scale factor a in a
MD epoch

k272

Ik, ™ > Teq) = — <2 + 6> D (k), (637)

This equation, at least at the linear level, is the essence of the phenomenon called gravitational
instability responsible for structure formation. From this equation we see immediately that pertur-

bation theory however is limited to ranges of wavenumber and times such that k7 < 1. Perturbation
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theory breaks down either when we go to large times and/or when we probe the system at short
wavelength. This is hardly a surprise. Perturbations grow because gravity is is in action and gravity,
being a derivative theory, leads to ultraviolet divergences at large momenta. What happens when
we go to higher order in perturbation theory? To study (or better just to introduce it) the problem
we adopt again the metric in the Poisson gauge and derive a generic equation for the gravitational
potential which is an alternative to the standard continuity and Euler equations we have found in
the previous section.

The write the metric in the following form
ds? = —a®(7) [—(1+29) dr? + 2Qrdrda’ + ((1 — 29)8;; + xij) dmidmj] : (638)

Here ® and V¥ are the gravitational potential as usual, {1 are the vector perturbations and y;; the
tensor ones. As we are interested in subHubble scales, we will retain first-order terms in ¥ and ®
and only the would-be second-order terms with two space derivatives. In particular, the difference
(U — @) is second-order in ¥, so we need to keep V(¥ — ).

We do not assume that the vector perturbations vanish €2 = 0, rather use the fact that the
divergence of Q vanishes, V'Q = 0. Similarly with the tensor modes Xi; which are transverse and
traceless. This leads us to use the traceless-longitudinal projection operator
v'v/

v2

to determine ® in terms of W from the Einstein equations. This procedure should be compared to

P =5 -3

(639)

the lowest order procedure in which one simply uses the ¢ # j Einstein equation to determine that
® = U. We also use only the longitudinal part of the (i0) equations so the contribution of the vector
perturbations drops.

We take the energy-momentum tensor to be that of a cold pressureless fluid of density p and
three-velocity vector v,

T,u,l/ = pPU,Vy . (640)

Finally, and for simplicity, we choose units for which 87Gx = 1. With these assumptions, the

relevant Einstein equations are

(00):  3H*+2V?U =pu3, (641)
10) : VZ'\I// + HV,; ¥ = 1 Vo Vs 642
(0) 5P

"

(i) : (2@” +6HY —2 <H2 = 2a) U4 (V)2 - V2 (T - c1>)> Sij
a
+ViVj (\I/ — (I)) — QVZ'\I/V]'\I/ = PUVy; . (643)

The density contrast is as usual expressed in terms of the gravitational potential through the Poisson

equation
_2VRU

b= (644)

149



The traceless-longitudinal part of the (ij) equation is given by
PV, V(¥ —®) -2V, UV, ¥) = P (puv;) . (645)

We may evaluate explicitly some of the terms (and divide the whole equation by —2),

RAVAA V)
2
2PV + 2 v (pvv5) . (646)

v'vi 1
V(U - ) + (VI)* - 37 (Vi¥V,0) = -
We will use Eqs. (646) and (642) to express V(¥ — ®) in terms of ¥ only which will allow us to
derive an equation for ¥ that does not involve ®. Despite appearances, Eq. (646) is completely
local. In fact, all terms have at least two space derivatives acting on the fields.
Let us now look at 1/6 of the trace of Eq. (643)

a/l

1 1 1
U+ 3HY — (7# - 2@) U+ 6(V\IJ)Q — gV2 (U —®) = 6pv2. (647)

The next step is to substitute Eq. (646) into Eq. (647) and obtain

" 7 j 7 j
" 1 (a2 _ 9% lvo2 YV vovo - VY
U+ 3HT (7—[ 2— ) v+ (V) = (Vi0V;0) = o = (puivj) . (648)

Finally, we can use the (0i) equation (642) to integrate out the three-velocity Uy, ; from Eq. (648)

" 1 ViV
U+ 3HY — <’H2 — 2‘;) U+ 5(V\IJ)2 - (V, OV, W)

v A4 ) (V0 AV
_ 2V Z (V¥ + 1V, )(QVJ + HV,;¥) ’ (649)
v pU;
and the (00) equation (641) to integrate out the energy density p
" 1 Vivi 2 V'V (VU + HV, W) (V¥ + HV,;T)
O3 HY — (12 — 2% ) wy (V)2 V, UV 0) = < : : J 17
3 (H ) Vv \%& ( %) 3H? Vv? 14 2V20 /312

(650)
We now verify that the perturbative solution of Eq. (650) reproduces the known perturbative solu-
tions for W, the density contrast § and the velocity u. First, we linearize Eq. (650) and obtain the
standard equation

\If”+37—[\1/’—2<7—t2—262,>\11—0, (651)
whose solution in matter domination does not evolve with time
U(x,7) =V(x). (652)
For future use we recall that the resulting solution for u is

2VVY;, T

ur,
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where in the second equality we have used the explicit form of H for matter domination, H = 2/7.
The corresponding solution for 4 can be obtained from its relation to ¥, Eq. (644), so

1 1
oL = 672V2\1/L = ga(T)VQ‘I/L. (654)

It agrees of course with what obtained in the previous sections once we have dropped the initial
condition (which is subleading at larger times). Next we solve for ¥ to second-order in perturbation
theory. The idea is to substitute in the second-order terms the linear solution. Therefore, we take
the non-perturbative Eq. (650), expand it to second-order in ¥ and take only terms that do not
vanish on the constant leading order solution (652),

2 VZVJ

N1 vivi
o U _w (1228 ) £ (V)2 - AV
+3H (’H a>+2(v P or (VieviY) =2

<V Avs \11> (655)

For matter domination it reduces to

5VivI 1
U 4+ 3HY = VULV, | — — (V)2 (656)
3 v2 2
whose solution is
1 5 ViV 9
Uy = — 2 U )\ .
2= 147 [3 v <V LV; L) (V L) } (657)
To evaluate ¥y in an explicit way it is easier to calculate V2W,,
2 1 S —— 1 2
ViU = o gV VI (Vi0LV; W) — 5V (VL)) ) (658)
Thus, we need
ViV (V0 V;01) = (V2U1)? + 2VIU V2V, 0, + VIVIUL YV, V0, (659)
and
ViV, (VIO VT =2V V2V, + 2V VIOV, VT, (660)

Substituting into Eq. (658) we find

1 . 9
V20, = ﬂﬁ (g(v2mL)2 + gV’\I/LVQVi\I/L - 3V1VJ\I/LV1~V]-\IIL> (661)

In momentum space it gives

1
da(ks,7) = —gkgTzq/Q(k:s,T)
Bk, [ By [5 1 k2 + k2 2 (kg - ko)?
_ 0 Tk ko)L 2, 2 662
[ | {7+2<1 Vg T R } (662)

X 6(3) (kl + k2 - k3) 5L(klv T)(SL(k27 T) )
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which reproduces the standard second-order kernel for the density contrast. Using Eqs. (642) and
(661), it is also straightforward to recover the kernel for the (divergence of the) velocity § = V - v.
One expands Eq. (642) to second-order, using the time dependence of Ws

AHV Uy =p(ve +drvy) . (663)

Using the lowest order relations, the equation for the divergence of the velocity at second-order

becomes
V-v V(5L

=20y — (01)2 = VoL, - —5- 664
7 2 — (oL) Lo (664)

In momentum space, using the explicit solution (661) the final result is,

02(ks, ) / d3ky / d3ke [3 1 k2 + k2 4(kp - ko)?

-2 = — | —= =+ =k -k - 665
H @) g |7 g k) 2T k2k2 (665)

x 68 (ky + ko — k3) 6, (k1, 7) or,(ke, 7)

which agrees with the standard Newtonian kernel. The expressions (664) and (665) render explicit
what we have said at the beginning of this section. Once we go to higher orders in perturbation
theory the series does not converge. Indeed, already at the second order we see that formally

89 ~ (01,)? ~ (k7)*. In general one has

5n—th order ™ (kT)zna (666)

where the k is a short-hand notation for the kernel in momentum space. This leads clearly to a
breakdown of perturbation theory. Again, this is not a surprise, after all the structures we see today
in the universe have § > 1, they are highly non-linear.

At what scales one expects perturbation theory to break down? Let us choose to work at the
present time. The power spectrum has dimensions of volume and so a quantity that lends itself more

easily to direct interpretation is the dimensionless combination

k3 P (k
A2 (k) = %2() (667)

In the standard CDM scenario A2 (k) increases with wavenumber (at least until some exceedingly
small scale determined by the physics of the production of the CDM in the early universe), but we
observe the density field smoothed with some resolution. Therefore, a quantity of physical interest

is the density field smoothed on a particular scale R,
om(x, R) = /d?’m’ W (|x" — x|, R)dm(x) (668)

The function W(x, R) is the window function that weights the density field in a manner that is

relevant for the particular application. According to the convention used in Eq. (668), the window
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function (sometimes called filter function) has units of inverse volume by dimensional arguments.

The Fourier transform of the smoothed field is
om(k, R) = W(k, R)dm(k), (669)

where W (k, R) is the Fourier transform of the window function. Once can chose for instance the

tophat in Fourier space as

waery =1 L F=ET, (670)
0 (k>R
and I (sin(@R™) - R cos(xR1))
W(X’ R) _ Sin\xr X COS\T (671)

272 R3 (xR~1)3
in real space. A disadvantage of this window is that it does not have a well-defined volume. Therefore
the associated mass is simply defined as M = 4mpy, R3/3. The density fluctuation field is assumed to
be a Gaussian random variable so the smoothed density fluctuation field d,,(x, R) is then a Gaussian

random variable as well because it represents a sum of Gaussian random variables. The variance of

dm(x, R) is

o2(R) = (8,(x. B)) = /dlnk A2 ()W (k, B)[2. (672)

From Fig. 22 we learn two basics things about the CDM paradigm. First, the variance of the density
contrasted smoothed over a radius R becomes of the order of unity when R = O(10) h~! Mpc. This
means that perturbation theory breaks down when k ~ 1/R = O(10~!) h/Mpec. Historically, one
set the amplitude of the perturbations by setting og, that is the value of the variance at 8 h~! Mpec.
Secondly, the fact that Ay, (k) has more power at large wavenumber means that the first scales to
go no-linear are the small ones (as repeatedly said), that is in the CDM paradigm the first objects
to form are the ones on small scales. Largers structures may form because of merging of smaller
structures. This is the so-called hierarchical paradigm: big DM halos form from the merging of small
DM halos. In the next section we discuss a classical example on how to deal with the nonlinearities

of the DM perturbations.

14 Spherical collapse

One of the simplest and best studied models of nonlinear gravitational instability is the spherical
model. In this model one ignores the tidal effects of neighbouring density perturbations upon the
evolution of an isolated, homogeneous, spherical density perturbation. To justify this we can appeal
to Birkhoff’s theorem in General Relativity, or Gauss’s law in Newtonian Gravity. Under these

simplifying assumptions an exact analytical treatment is possible.

153



Alk)

0.8 +
0.6

108 107 108 10°101°1011101210191 014105 103 0.01 0.1 1 10
M [h-'M,] k [hMpec-t]

Figure 22: Power spectra in the standard ACDM cosmology with Q, =1 — Qs = 0.3, h = 0.7,
og = 0.93, and Qph? = 0.022. The left panel shows the mass variance smoothed with a
real space tophat window as a function of the smoothing mass or smoothing radius. The
right panel shows the rms density fluctuation per logarithmic interval of wavenumber

as a function of wavenumber.

In order to understand the dynamics of non—linear spherical collapse, consider a spherical density
perturbation expanding in the background of a homogeneous and isotropic background universe. The
density of the fluctuation is characterised by €. whereas that of the background universe by €,
(Q, > Qu will correspond to an overdensity and Q) < Q, to an underdensity). The subsequent
fate of the spherical density perturbation will depend crucially upon the value of Q! . For Q/ > 1
the perturbation will behave just like a part of a closed FRW universe and will therefore expand
to a maximum radius, turn around at a time t;,, and thereafter collapse to a point at teon =~ 2tta.
A spherical density perturbation with €/ < 1 on the other hand, will mimic an open universe
and never recollapse (if Q) < Qy, then such an underdensity will correspond to a void). In an
idealised cosmological scenario spherical overdensities might be thought of as progenitors of clusters
of galaxies, whereas underdensities would correspond to voids.

In order to treat the collapse of a spherical overdensity quantitatively let us consider a spherical
shell of radius R with an initial overdensity §; and a constant mass M = 47 R3py, (1 + 61)/3, where
Pm is the density of the backround universe. Conservation of energy guarantees
lp2 GnM
2 R

= E = const. (673)

At early times the expansion of the shell is virtually indistinguishable from that of the rest of the
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universe so that Rm,i = HiRp,;, Rm; being the radius of the shell and Hj is the Hubble parameter
2

m,i

at an initial time ¢ = ¢;1. The kinetic energy of the shell is therefore K,,; = %HIQR and its
potential energy is Umi = —GM /Ry i = —Kn iQ1(1 + 1) where Qp is the density parameter at f;:

3HZQ1/2 = 47Gpm ;. As a result we obtain
E =K+ Uni = Kniu[Q7 — (1 +61)]. (674)

The requirement for collapse E < 0 leads to the condition 1+ d; > € !, Substituting Q1 = QO (2) =
Q1+ 2)/(1+ Qnz), o1 = 0m(z) we get

1—Qn

Om(2) > ni+o)

(675)

as a precondition for collapse to occur. Equation (675) indicates that in flat or closed cosmological
models an infinitesimal initial density perturbation is sufficient to give rise to collapsed objects. In
open models on the other hand éy,(z) must exceed a critical positive value in order for collapse to
oceur.

It is relatively straightforward to relate the maximum expansion radius reached by an overdensity
at turnaround Ry, to its “seed” values Ry, ;, and 01 (equivalently Ry, (2) and dm(z)). Since the mass

of a perturbation is conserved, and R‘ ta = 0 we get

GNM R
E=U,=— = ——Kun (1 + 7). 676
Equating (674) and (676) we get
146 14 0m
i _ o __ 1¥0ale) (677)
Rui 01— (Q —1) 6om(z)— T gy

The time evolution of a spherical mass shell is identical to that of a spatially open or closed FRW

universe. The resulting equations of motion may be obtained by integrating Eq. (673) giving

R = A(1—cosb),
t = B(f—sinf), (678)

for the case F < 0, and

R = A(coshf —1),

t = B(sinhf—0), (679)
for the case £ > 0. In Eqs. (678) and (679) we have A3 = GNM B2 The behaviour of the
background universe is described by similar equations.

Setting § = 7 in equation (678) we can express the constants A and B in terms of the turnaround

radius Ri, and the turnaround time ty,: A = Ria/2, B = ty/m. Next using Eq. (677) and the
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relationships B? = A3/GNM, M = 47 R3py, /3 and 87Gnp = 3H?Qy,, we can re-express A and B in

terms of Ry, ; and dp
m,i 1
()
2 o— (-1

146
B = e . (680)
2HO [0 — (O = 1)]3/2

In a spatially flat universe, Eq. (680) becomes

Rm,i
201

3/2

3
A~ B ~ ZtI(SI , (681)

where we assume d; < 1. It is now relatively straightforward to compute the overdensity in each

mass shell. Since mass is conserved we get, using M = 47 R3py,/3 and Eq. (678),

3M
m(l) = . 682
pmlt) 47 A3(1 — cos 6)3 (682)
In a spatially flat matter dominated universe the background density scales as
1 1
b (1) = = I
20 6mrGNt?2 6mGNB?(0 — sinf)? (683)
So, combining Eqgs. (682) and (683), we get
pm(t) 9 (0 —sin6)?
om(0) = ——=~—1== -1, 4
() Pm(t) 2(1—cosf)? (684)
for positive density fluctuations, and
9 (6 — sinh §)?
om(0) = = -1 685
©) 2 (coshf —1)3 (685)

for negative density fluctuations. From equations (684) and (681) we recover the linear limit for

small 0, ¢:
392 3 (6t\YP 3 [t\Y?
lim 6y (0) ~ — ~ — | = = — ,
01—>H(1)6 () 20 20 <B> 5(SI <t1> (686)

indicating that only 3/5th of the initial amplitude is in the growing mode. In view of eq. (686) the
criticality condition (675) translates into o > 3(Q; ' — 1)/5 or, equivalently,

31— Quo

Om(2) > 5Qm(1+2)

(687)

From eq. (684) we find 0,,(6 = 7) ~ 4.6 at the radius of maximum expansion (“turnaround”), and
dm(2m) — oo at recollapse. The corresponding extrapolated linear density contrast can be found
from equations (686), (678) & (681):

<4>§ (6 — sin ). (688)



We thus obtain dr,(7) ~ 1.063 for the linear density contrast at turnaround, and dr,(27) = 6. ~ 1.686
at recollapse. Knowing the linear density contrast corresponding to a given perturbation, the redshift

at which that perturbation “turned around” and “collapsed” can be found from

oL,
1 ~
1 %t 1.063
B
1+ Zeol T (689)

In reality d.on — oo will never be achieved since exact spherical collapse is at best a rather crude
approximation, which will break down as the overdensity begins to contract, dynamical relaxation
and shocks both ensuring that the system reaches virial equilibrium at a finite density. The maximum
density at recollapse can be estimated using the virial theorem and the fact that at R = Ry, all the

energy in the system is potential:
U(R = Ryiy) =2E = 2U(R = Ry,), (690)

since U = —GNM/R we get Ryiy = Ria/2 and pyir = 8pmta. The mean density of an object
at turnaround is pmta/Pm = Omita + 1 =~ 5.6 so that pma =~ 5.6pm ta. We therefore get pm vir =~
8:5.60m,ta- Since pym = (67GNt*) ™ and setting tyir = teol = 2t We finally get pu vir 2 8 X 5.6 X 4y
or since pmyir = (1 + 2)%pm,0

Pm,vir = 1792(1 + Zvir)3pm,07 (691)

where zy, is the collapse redshift, and py the present matter density. Equation (691) permits us to
relate the virialised density of a collapsed object to the epoch of its formation zyi, ~ 0.18(p/ po)l/ 31,
Since the present overdensity in clusters is between 10% and 10%, the above arguments might indicate
that clusters formed relatively recently at redshifts z < 3, provided they formed from spherical
density enhancements.

Generalisations of these arguments show that the addition of a cosmological constant to the
Finstein equations does not significantly affect the dynamics of a spherical overdensity. The final
(virial) radius of a spherical overdensity in this case turns out to be

Rer ,1-n/2 1
Rya 2—mn/2 2’

(692)

where 7 = A/8TGNp(t = tia) is the ratio of the cosmological constant to the background density at
turnaround. Equation (692) indicates that the presence of a positive cosmological constant leads to
a somewhat smaller final radius (and consequently higher density) of a collapsed object. This effect
is clearly larger for objects that collapse later, when the turnaround density is lower.

According to the spherical collapse model, CDM overdensities collapse to highly nonlinear ob-

jects, the spherical DM halos, whose potential wells will make the baryons fall into them and

’HALOS ARE PEAKS OF THE UNDERLYING MATTER DISTRIBUTION. ‘ (693)
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It is therefore clear that one basic object in cosmology is the number of DM halos as function of

their mass or radius. This is the quantity we would like to discuss in the next section.

15 The dark matter halo mass function and the excur-

sion set method

The computation of the mass function of dark matter halos is a central problem in modern cosmology.
The halo mass function is both a sensitive probe of cosmological parameters and a crucial ingredient
when one studies the dark matter distribution, as well as the formation, evolution and distribution
of galaxies, so its accurate prediction is obviously important.

The formation and evolution of dark matter halos is a highly complex dynamical process, and a
detailed understanding of it can only come through large-scale N-body simulations. Some analytical
understanding is however also desirable, both for obtaining a better physical intuition, and for the
flexibility under changes of models or parameters.

The halo mass function dn/dM can be written as (we drop from now on the subscript , for
DM)

dn(M)
dM

p dlng” (M)
M2 dlnM

= f(0) (694)

where n(M) is the number density of dark matter halos of mass M, o2 is the variance of the linear
density field smoothed on a scale R corresponding to a mass M, and p is the average density of the
universe.

Now, to compute dn/dM or f(o) we use the famous Press-Schecther (PS) formalism. Press and
Schechter observed that the fraction of mass in collapsed objects more massive than some mass M
is related to the fraction of volume samples in which the smoothed initial density fluctuations are
above some density threshold. This yields a formula for the mass function (distribution of masses) of
objects at any given time. In other words the philosophy is the following. We know that the collapse
of DM halo is a very complicated phenomenon. Nevertheless we are not interested in describing
the dynamics itself, but only in computing the probability that at a given point x a halo will form.
But when does it? Press and Schechter assumed that the collapse is spherical and argued that a
halo of mass M and radius R is formed when the corresponding smoothed linear density contrast at
recollapse is larger than the critical value d. ~ 1.68 computed in the previous section. Of course the
real density contrast will be much larger, of the order of 200, but we are not interested in it. Notice
that in the PS formalism therefore there is no dynamics in time, it only provides the probability
that at a given point a halo of mass M will form. In order to compute such a probability we turn

to a beautiful statistical tool, the excursion set method.
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15.1 The computation of the halo mass function as a stochastic
problem

The computation of the halo mass function can be formulated in terms of a stochastic process

One considers the density contrast §(x) and smooths it on some scale R

§(x,R) = / (gjf)gékW(k,R)eik'x, (695)

We focus on the evolution of §(x, R) with R at a fixed value of x, that we can choose without loss
of generality as x = 0, and we write §(x = 0, R) simply as d(R). Taking the derivative of Eq. (695)
with respect to R we get

e =C(R). (696)
where
3
)= [ G o9

Since the modes dx are stochastic variables, ((R) is a stochastic variable too, and Eq. (696) has the
form of a Langevin equation, with R playing the role of time, and ((R) playing the role of noise.
When 0(R) is a Gaussian variable, only its two-point connected correlator is non-vanishing. In this
case, we see from Eq. (zetadelta) that also ¢ is Gaussian. The two-point function of ¢ defines the

power spectrum P(k),

(3(k)ok')) = (2m)36®) (k + K) P (k). (698)
From this it follows that
(GG = [ dltnpy a2 P AT (699

where, as usual, A?(k) = k3P(k)/2n2. For a generic filter function the right-hand side is a function
of Ry and Ry, different from a Dirac delta dp(R; — Rg). In the literature on stochastic processes
this case is known as colored Gaussian noise. Things simplify considerably for a sharp k-space filter
W(k,R) = 0(k — k¢). Using kf = 1/R instead of R, and defining Q(k¢) = —(1/k¢)((ks), we find

96(ke) _
S = QUK. (700)

and
(Q(ke1)Q(kea)) = A?(key)6® (Inkey — In ko). (701)

Therefore, we have a Dirac delta noise. We can write these equations in an even simpler form using

as “pseudotime” variable the variance S = o2

S(R) = /Oo d(In k) A%(k)|W (k, R)|*. (702)

—00
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For a sharp k-space filter, .S becomes

In k¢
S(he) = / d(n k) A2(k), (703)
SO aS
Tk = A?(ky). (704)

Thus, redefining finally n(k¢) = Q(ke)/A2(kt), we get

6(S)

—g = n(9), (705)

with

| (n(S1)n(Sa)) = 8(S1 — Sh), (706)

which is a the Langevin equation with Dirac-delta noise, with S playing the role of time. In hier-
archical power spectra, at R = oo we have S = 0, and S increases monotonically as R decreases.
Therefore we can start from R = oo, corresponding to “time” S = 0, where d = 0, and follow the
evolution of §(S) as we decrease R, i.e. as we increase S. The fact that this evolution is governed by

the Langevin equation means that 6(S) performs a random walk, with respect to the “time” variable
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S. We may refer to the evolution of § as a function of S as a “trajectory”. In the spherical collapse
model, a virialized object forms as soon as the trajectory exceeds the threshold § = 4.

According to the PS formalism an halo is formed when the stochastic quantity §(R) in its
random walk crosses the barrier at . for the first time. It is therefore a problem known in statistical
mechanics as the first-time passage problem. We are not interested in subsequent crossing of the
barrier as the halo has formed after the first crossing.

We therefore consider an ensemble of trajectories, all starting from the initial value 6 = 0 at
initial “time” S = 0, and have compute the function that gives the probability distribution of
reaching a value . at “time” S for the first time.

Notice that or a Gaussian theory, the only non-vanishing connected correlator is then the two-
point correlator (6(51)3(S2))c, where the subscript ¢ stands for connected.

We consider an ensemble of trajectories all starting at Sy = 0 from an initial position 6(0) = do,
and we follow them for a time S. We discretize the interval [0, S] in steps AS = ¢, so Sy = ke with
k=1,...n,and S, = S. A trajectory is defined by the collection of values {d1,...,d,}, such that
d(Sk) = k. There is no absorbing barrier, i.e. §(5) is allowed to range freely from —oo to +00. The

probability density in the space of trajectories is
W (d0; 015+, 0n;Sn) = (0p(6(S1) — 1) ... 0p(6(Sn) — n)), (707)

In terms of W we define

Oc Oc
H(5035n§5n) = / d(51 / dén_l W(50;51,...,5n_1,5n;5n), (708)

—o0 —o0
where S, = ne. So, I1(dg; 0;.5) is the probability density of arriving at the ”position” § in a ”time”
S, starting from g at time Sy = 0, through trajectories that never exceeded d.. Observe that the
final point § ranges over —oco < d < o0.

The usefulness of II is that it allows us to compute the first-crossing rate from first principles,

without the need of postulating the existence of an absorbing barrier. Simply, the quantity
dc
F(S)=1 —/ dd I1(dg; 63 .S) (709)
—0o0
gives the fraction of trajectories that crossed the barrier at time S. The rate of change of this

quantity is therefore equal to minus the rate at which trajectories cross for the first time the barrier,

so the first-crossing rate is

dF b 9
F(8) =-S5 =~ /OO 45 S TT(00;5;5). (710)

The halo mass function follows if one has a relation M = M (R) that gives the mass associated to the

smoothing of d over a region of radius R. Once M(R) is given, we can consider F' as a function of
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M rather than of S(R). Then |dF/dM|dM is the fraction of volume occupied by virialized objects
with mass between M and M + dM. Since each one occupies a volume V = M/p, where p is the
average density of the universe, the number of virialized object n(M) with mass between M and
M + dM is given by

dM, (711)

dn p | dF
ar M= ’dM

SO

~ - -1
dn p dF‘dS P odlno (712)

O~ M ds |anr| ~ TP g
where we used S = 2. Therefore, in terms of the first-crossing rate F(S) = dF/dS, the function
f(o) defined from Eq. (769) is given by

f(o) = 20°F(a?). (713)

To deduce II(dp; dp; S) we use a path integral formulation. We use the integral representation of

the Dirac delta

< dA —iA\x
5D(g;):/ 9 € Az (714)

and we write Eq. (741) as

<A Ay,

W(Bi 01, BuiS) = [ T D e M (S, (715)

Observe that the dependence on & here is hidden in the correlators of §, e.g. (62(S = 0)) = 62. It
is convenient to set for simplicity dp = 0 from now on. For Gaussian fluctuations,

<e—i2?:1 >\i5(5i)> — e 3 3 o —1 Aid (8(S6)6(S))e (716)

Y

as can be checked immediately by performing the Taylor expansion of the exponential on the left-
hand side, and using the fact that, for Gaussian fluctuations, the generic correlator factorizes into

sum of products of two-points correlators. This gives

W (60;01,-..,00:5n) /D)\ et Tima Aidi—g T jm1 Aidj (idj)e (717)

oA da
/m:/w%...%, (718)

where

and §; = 6(S;). Then

dc
H(én;Sn):/ dé; .. d5n1/D)\exp Z)\é—fz/\)\ 5i0i)e p - (719)

3,j=1

Let us now compute the two-point correlator. Using as initial condition Eq. (705) integrates to

S
5(S) = /0 as' n(s"), (720)
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so the two-point correlator is given by

S; S;
(0(S1)6(55))e = /0 as /0 4s'(1(S)n(S")) = min(S;, S). (721)

Let us now take the derivative of Eq. (753) with respect to S,

) O 22 S~ 1<
TSHH((SYL,STL) = /_Oo d51...d6n,1 /D)\ <—2> eXp Zzl)\l(sz — 5 Z )\i)\j<5i(5j>c

1,j=1

2 dc n n
= ;8862/ d(51 . dén_l /D)\ exp ZZ )\152 — % Z )\i)\j<5i6j>c
n i=1

—o0 ij=1

(722)

We discover that the probability Pi(do;dr;Sy,) satisfies a Fokker-Planck equation (setting S,, = S
and 9, = ¢)

0 1 02

25109 = 555

which has to be solved with the following boundary conditions

I1(5; S), (723)

11(5;0) = 6p (5 — &), and II(4;S) = 0, (724)

where we have restored a non vanishing initial condition. The first condition says that the trajectory
has to start from 6(0) = dp, while the second condition simply states that as the random walk reaches
the barrier at J. for the first time the motion should stop, or in other words, the trajectory should
be removed.

The solution of the Fokker-Planck equation with such boundary conditions is given by

1
T1(5; ) = — (6_(5—50)2/25 _ 6(260—5—1—60)2/25) . (725)
Correspondingly
1 011 1 2
_ 1ol _ b (6—50)2/28
P =75 95|, = Vansn© ’ (726)

and (now setting oy back to zero)

1/2 _ -1
dn _(2 9 o—0e/(20%) _p dlno . (727)
dM ) pg T o M? dln M

This result can be extended to arbitrary redshift z reabsorbing the evolution of the variance into dc,
so that d. in the above result is replaced by d.(z) = 6.(0)/ D4 (z), where D, (z) is the linear growth

factor.
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Figure 24: The Press-Schechter prediction (solid line) versus N-body data.

One can see from Fig. 24, where we plot the PS halo mass function as a function of the parameter
v=20./5 /2 that PS theory predicts a little bit too many low-mass halos, roughly by a factor of
two, and too few high-mass halos, by a factor O(10) or so. Nevertheless, the simple logic behind
the PS theory work surprisingly well if we think of how complicated the collapse is. In particular,
the exponential tail of the halo mass function is obtained (even though not with quite the correct
coefficient in the exponent) and due to the Gaussian nature of the perturbations. Nowdays analytic
techniques generally go beyond the PS approach and model the collapse as, e.g. ellipsoidal. However,
the PS theory is able to reproduce, at least qualitatively, several properties of dark matter halos
such as their conditional and unconditional mass function, halo accretion histories, merger rates and

halo bias.
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16 The bias

In order to make full use of the cosmological information encoded in large-scale structure, it is
essential to understand the relation between the number density of galaxies and the mass density
field. It was first appreciated during the 1980s that these two fields need not be strictly proportional.

So it is useful to introduce the linear bias parameter

(),-%).

This seems a reasonable assumption when dp/p < 1, although it leaves open the question of how
the effective value of b would be expected to change on nonlinear scales. Galaxy clustering on
large scales therefore allows us to determine mass fluctuations only if we know the value of the
bias parameter b. We now consider the central mechanism of biased clustering, in which a rare
high density fluctuation, corresponding to a massive object, collapses sooner if it lies in a region of
large-scale overdensity. This helping hand from the long-wavelength modes means that overdense
regions contain an enhanced abundance of massive objects with respect to the mean, so that these
systems display enhanced clustering. The basic mechanism can be immediately understood via the
Fig. 25 which explains the peak-background split model. If we decompose a density field into a
fluctuating component on galaxy scales, together with a long-wavelength as well, then those regions
of density that lie above a threshold in density of v times the variance o will be strongly clustered.
If proto-objects are presumed to form at the sites of these high peaks, then this is a population
with Lagrangian bias, 7.e. a non-uniform spatial distribution even prior to dynamical evolution of
the density field. The key question is the physical origin of the threshold: for massive objects such
as clusters, the requirement of collapse by the present imposes a threshold of v = 2. For galaxies,
there will be no bias without additional mechanisms to cause star formation to favour those objects
that collapse first. The excursion set formalism provides a neat framework to understand how the
clustering of dark matter halos differs from the overall clustering of matter. Consider the solution
to the excursion set problem in we derived in the previous section. This gives the probability
distribution of § given that on a smoothing scale Sy, the smoothed density fluctuation is §g. Notice
that the important quantity is the relative height of the density threshold (é. — dp) so that in regions
with dg > 0 on large scales, trajectories are more likely to penetrate the barrier at §. and conversely
for §p < 0.

The fraction of mass in collapsed halos of mass greater than M in a region that has a smoothed

density fluctuation dp on scale Sy (corresponding to mass My and volume Vj) is given

o dc — do
F(M‘(So, So) = Erfc <\/§(S — SO)> . (729)

Notice that as the density of the region increases, F' increases because smaller upward excursions
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Figure 25: The peak-background split model.

are needed to cross the threshold. When dg — 6., ' — 1 because the entire region will then be

interpreted as a collapsed halo of mass My. The fraction of mass in halos with mass in the range M
to M +dM is

ds _ dF(M]|bo, So)
1 d.—06 |dsS (6 — 6p)?
= e P N qMm
Vor (S — Szt | P T 25— 5oy | (730)

so that regions with smoothed density J§p on scale Sy contain, on average,

ds

dM (731)

halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense
regions compared to the mean abundance of halos,

N (M]|éo, So)

Oalo = @n(anjaanv, " (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M. The
superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the
mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.
In sufficiently large regions, Sy < S, dp < d.. Expanding Eq. (732) to first order in the variables

So/S and dp/d. gives a simple relation between halo abundance and dark matter density

Ohato = —— o, (733)



where v = 6./5'/2 = §./o(M) as before. The overdensity in the initial Lagrangian space is propor-
tional to the dark matter overdensity and is a function of halo mass through v. The final ingredient
needed to relate the abundance of halos to the matter density is a model for the dynamics that can
map the initial Lagrangian volume to the final Eulerian space. Let V' and ¢ represent the Eulerian
space variables corresponding to the Lagrangian space variables V and dg. The final halo abundance
is

N (Mo, So) B
(dn(M)/dM)V

Mass conservation implies V(1 4+ §) = V(1 + dp), but In the limit of a small overdensity, Jp < 1,

0 ~ dg, and V ~ Vj, and therefore
21
5y = <1+V5 )5 (735)

bio. (736)

op =

(734)

This expression states that the overdensity of halos is linearly proportional to the overdensity of
the mass. The constant of proportionality by (M, z) depends on the masses of the halos, and the
redshifts they virialized, but is independent of the size of the cells. Furthermore, its says that low-
mass haloes are antibiased and high mass haloes are positively biased. We can now understand the
observation that there are much more strongly clustered than galaxies in general: regions of large-
scale overdensity contain systematically more high-mass haloes than expected if the haloes traced

the mass. Indeed, by defining the correlation function

£r) = <5m(x+r)5m(x)>:/(d]§3v| 5| —Zkr—/ dln k:k3 ‘5m| Slzkr,

- /0 T dlnk Ay (k) Siz fr (737)
for which, if A2 (k) ~ k"3 we have £(r) ~ 7773, it turns out observationally that
, ~1.8 . ~1.8
€ee(r) = <25thpC> =~ 208gg(r) =~ 20 <5h—1Mpc> ; (738)

that is clusters are more correlated than galaxies. However, one should be careful that applying the
idea to galaxies is not straightforward: we have shown that enhanced clustering is only expected for
massive fluctuations with o < 1, but galaxies at z = 0 fail this criterion. The high-peak idea applies
will at high redshift, where massive galaxies are still assembling, but today there has been time for

galaxy-scale haloes to collapse in all environments.
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Part VII
The impact of the non-Gaussianity on

the halo mass function

Non-Gaussianities are particularly relevant in the high-mass end of the power spectrum of pertur-
bations, i.e. on the scale of galaxy clusters, since the effect of non-Gaussian fluctuations becomes
especially visible on the tail of the probability distribution. As a result, both the abundance and
the clustering properties of very massive halos are sensitive probes of primordial non-Gaussianities,
and could be detected or significantly constrained by the various planned large-scale galaxy surveys,
both ground based (such as DES, PanSTARRS and LSST) and on satellite (such as EUCLID and
ADEPT). Furthermore, the primordial non-Gaussianity alters the clustering of dark matter halos
inducing a scale-dependent bias on large scales while even for small primordial non-Gaussianity the
evolution of perturbations on super-Hubble scales yields extra contributions on smaller scales. This
will be the subject of the next subsection.

At present, there exist already various N-body simulations where non-Gaussianity has been
included in the initial conditions and which are useful to test the accuracy of the different theoretical
predictions for the dark matter halo mass function with non-Gaussianity.

Various attempts at computing analytically the effect of primordial non-Gaussianities on the
mass function exist in the literature and here we follow what we have developed in Section 47 based
on the excursion set method.

In this section we extend to non-Gaussian fluctuations the path integral approach that we devel-
oped in Section 47 whose notation we follow. In particular, we consider the density field § smoothed
over a radius R with a tophat filter in momentum space. We denote by S the variance of the
smoothed density field and, as usual in excursion set theory, we consider ¢ as a variable evolving
stochastically with respect to the “pseudotime” S. The statistical properties of a random variable

d(S) are specified by its connected correlators

(0(51)---6(Sp))e (739)
where the subscript ¢ stands for “connected”. We will also use the notation

(07(9))e = 11p(S) (740)

when all arguments S1, S, ... are equal. The quantities £1,(S) are also called the cumulants. As in
Section 47, we consider an ensemble of trajectories all starting at Sy = 0 from an initial position

5(0) = dp (we will typically choose dp = 0 but the computation can be performed in full generality)
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and we follow them for a “time” S. We discretize the interval [0, S] in steps Sy = ke with k =1,...n,
and S, = S. A trajectory is then defined by the collection of values {01, ..., d,}, such that §(S) = 0.
The probability density in the space of trajectories is

W (80561, - -, 03 Sn) = (6p(5(S1) — 1) ... 6p(8(Sn) — ) » (741)

where dp denotes the Dirac delta. Our basic object will be

be¢ be¢
He((S(); 5n§ Sn) = d51 e ddnfl W((So; 51, e 75n717 5n; Sn) (742)

—00 —00
The usefulness of Il is that it allows us to compute the first-crossing rate from first principles,

without the need of postulating the existence of an absorbing barrier. In fact, the quantity

dc
/ déy, I, (60§ On; Sn) (743)

—0o0
gives the probability that at “time” S,, a trajectory always stayed in the region § < ¢, for all times’
smaller than 5,. The rate of change of this quantity is therefore equal to minus the rate at which
trajectories cross for the first time the barrier, so the first-crossing rate is

o [
dd, e (00; On; Sn) - (744)

The halo mass function is then obtained from the first-crossing rate
f(o) =20%F(c?), (745)

where S = 2.
The first problem that we address is how to express Il (dg; d,;.5), in terms of the correlators of

the theory. Using the integral representation of the Dirac delta

dp(z) = / N % e AT, (746)
we may write
*dAd dAn e UNG i Ai(Sh)
501, ,0n;Sn) = —— . —— e =1 M0 (pT T 2ui= MO 747
W(idno b ) = [ G e (o1 T 20080 (747)
We must therefore compute
e? = (e 2im 05y (748)

This is a well-known object both in quantum field theory and in statistical mechanics, since it is the
generating functional of the connected Green’s functions. To a field theorist this is even more clear

if we define the “current” J from —iA = €J, and we use a continuous notation, so that

oz — <6ide J(S)6(5)> ) (749)
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Therefore

7 = p' Z )\ip <5“ . 6ip>c
p= 1=1 ip=1
= )\/\(55>+(3))\>\/\k(555k>
) NiNjARAL (0:60601)c + - - -, (750)
where 0; = 6(S;) and the sum over 4, j,... is understood. This gives

Z Z)\“” ip 11”-52‘p>c )

i1=1 ip=1

W(00;01,...,0n;5) = DAexp iZ)\,ﬁ —i—Z
=1 p=2
(751)

where

©da da,
D) = —_— = 2
/Oo 27 27 (752)

Therefore we get

116(50;5”;&):/(S déy ...dé,_1 DAexp Z)\é +§: p; En: f:Al

i1=1 p=2 i=1  ip=1

If we retain only the three-point correlator, and we use the tophat filter in momentum space, we

have

dc
11 (80; 03 Sn) = / déy ...dd,—1 DAexp {i)\ i0; — %mln(SZ,S AN + —— (= ) (0i60k) i )\k}

(754)
Expanding to first order in NG, we must compute
1 ¢ S
1) (80; 63 S) = 5 > <5i5j5k>/ ddy ... dd, 1 8;0;0, W™ (755)

i7j7k:1

where the superscript (3) in )

refers to the fact that this is the contribution linear in the three-
point correlator. To proceed, we remember that the non-Gaussianities are particularly interesting
at large masses. Large masses correspond to small values of the variance S = o?(M). Each of
the integrals over dS;,dS;, dS; must therefore be performed over an interval [0, S,] that shrinks to
zero as S, — 0. In this limit it is not necessary to take into account the exact functional form of

(6(S;)6(S;)0(Sk)). Rather, to lowest order we can replace it simply by (§3(S,,)). More generally, we
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can expand the three-point correlator in a triple Taylor series around the point S; = S; = S = 5,

We introduce the notation

G () = | o (5(S)0(5,)(0) - (756)
i Ao dog, Si=8;=8,=S5n
Then
G3aE0) = 3 L (s sp(5, — 8,950 — SOTGYI(S). (T5)

lglr!
ity pqir:

We expect that the leading contribution to the halo mass function will be given by the term in with

p=q=r=0. The leading term in II® is therefore

3
1) (603 1 5) = — 2!

Oc
Z / 48, ... Ao 10,0, 0, WE™. (758)

i,j,k=1

This expression can be computed very easily by making use of the following trick. Namely, we

consider the derivative of II#™ with respect to d.. The first derivative with respect to d. can be

written as
0
7 (803 6n; Sp) Z/ dé; ... dd,_1 O;WE™ (759)
since, when 0/09. acts on the upper integration limit of the integral over dd;, it produces W (dy, ..., 0; =

d¢y -+ 0n; Sp), which is the same as the integral of ;W with respect to dé; from §; = —o0 to §; = de.

Similarly
82
552 (80; 0n; Si) Z/ ddy ... dd, 1 8;0,We™ (760)
1,j=1
In the same way we find that
83
553 1€ (003 0ns Sn) Z / ddy ... dd, 1 8;0;0, W™ . (761)
¢ 1,7,k=1

The right-hand side of this identity is not yet equal to the quantity that appears in Eq. (758), since
there the sums run up to n while the above identities only run up to n — 1. However, what we need

is not really HES) (605 0n; Sn), but rather its integral over dd,. Then we consider

de
/ A6, I3 (853 6,3 5,) = —5 53 Z / ddy ... db,—1d6,0,0;0,We™ (762)

i,5,k=1

and we can now use the identity

n dc 3 e
> oy ... dd,—1dd,, 8;0;0,We™ % / ddy ... d,—1ds, We™
i,5,k=1" " c J—oo
93 dc
— g mEGRsss . (T63)
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SO

/5C 06, TIC (6: 6, 5,) = — \0n) & /5C 8, TIE™ (805 613 Sy ) - (764)
_Oone s Ony On 68(55’_00ne sy Ony On
Using

122, (60 = 0; 0n; Sn) = . [e™0R/(25n) _ e=(20e=0n)%/(25n)] (765)

V21S,

we immediately find the result in the continuum limit,

Oc 3 2
6, 1% (056, S,) = % <1 - g) ¢02/(25n) (766)
—00 3V 2T Sn n

We may express the result in terms of the normalized skewness

—4
S3(0) = %«53(5» ~ 2‘4;07_;? NI - (767)

Putting the contribution of II®®) together with the gaussian contribution, we find

2\Y2 60 _s2/0900 o2 54 202 dSs [ 62
S ¢ om0:/(20%) )1 4 2 Ze 2% 4 3 (Ze _ )
/(o) <7r> o © { * 60, [53(0) <04 o? > + dlno <02 >}} (768)

The halo mass function in the presence of NG can therefore be written as can be written as

o2 54 252 dSs (82
Gaussian{”ﬁac [33<”> (04‘ e ‘1) T dno <02‘1)]} |
(769)

dn(M) p dlno~ (M)  dn(M)
ar 1O E T amar T anr

From Fig. (26) one sees that the halo mass function is considerably affected by NG for large halo

masses (rare events) and at high redshifts.

Part VIII
The impact of the non-(Gaussianity on

the halo clustering

Let us conclude this set of lectures by studying the impact of NG on the halo clustering. As we have
seen in Section 48, in the biased clustering idea, a rare high density fluctuation, corresponding to
a massive object, collapses sooner if it lies in a region of large-scale overdensity. This helping hand
from the long-wavelength modes means that overdense regions contain an enhanced abundance
of massive objects with respect to the mean, so that these systems display enhanced clustering.
This is the essence of the peak-background split model. If we decompose a density field into a

fluctuating component on galaxy scales, together with a long-wavelength as well, then those regions
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Figure 26: The ratio between the halo mass function with and without NG for three different

values of fxr..

of density that lie above a threshold in density of v times the variance o will be strongly clustered.
If proto-objects are presumed to form at the sites of these high peaks, then this is a population with
Lagrangian bias, i.e. a non-uniform spatial distribution even prior to dynamical evolution of the
density field. By extending the classical calculation for calculating the clustering of rare peaks in a
Gaussian field to the local type non-Gaussianity, one can show that clustering of rare peaks exhibits
a very distinct scale-dependent bias on the largest scales. The analytical result has been tested using
N-body simulations, which confirm this basic picture. Following the peak-background split one can

split the density field into a long-wavelength piece d;y and a short-wavelength piece J, as in
p(x) = 5 (1+ b0 +05) | (770)

The local Lagrangian number density of haloes n(x) at position x can then be written as a function
of the local value of the long-wavelength perturbation dy(x) and the statistics of the short-wavelength
fluctuations Ps(ks). The sufficiently averaged local density of halos follows the large scale matter

perturbations, that is its average is a function of (1 + br,d,)

n(x) =n(1+ brdy) (771)
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Figure 27: Non-Gaussianity of the local type modulates the peaks.

and so the Lagrangian bias is then
bﬁalo =n 5 (772)

For Eulerian space bias one needs to add the Eulerian space clustering, so the total or Eulerian bias
isb= (bﬁalo + 1). Essentially, in the presence of a long wavelength mode perturbation dy it is easier
to form a halo, the barrier value is no longer ., but (. — d7). The corresponding number of halos

is therefore shifted

S - (773)

This leads to a revised density
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p—m (1+ 5:) (1+ d¢) (774)

where the first piece comes from the change in the halo number density and the second directly from

the large scale mode. To first order this leads to the FKulerian bias

dlnn
dd. -

This argument leads to a generically scale-independent bias at sufficiently large scales. The specific

55—<1—|—6:>5g and b=1-— (775)

function b(M) is obtained by constructing a specific function n[d;(x), Ps(ks); M], generally fit to
simulations, and then differentiating it.

The non-Gaussian case is complicated by the fact that large and small-scale density fluctuations
are no longer independent. Instead, one may separate long- and short-wavelength Gaussian potential
fluctuations,

® =)+ by, (776)

which are independent. For the local non-Gaussian potential fluctuations,
D =D, + By + NP7 + (14 2fNLP0)Ps + P2 (777)

We can then convert this to a density field using the expression d(k) = a(k)®(k), with

_ 2T (k)D(2)

a(k) 0 (778)

Here T'(k) is the transfer function, D(z) the linear growth factor normalised to be (1 + z)~! in the
matter domination, €2, the matter density today and Hy the Hubble parameter today. The operator
a(k) makes it non-local on scales of ~ 100 Mpc, so this can also be thought of as a convolution

operator in real space. For long-wavelength modes of the density field, one may write
51(k) = a(k)@(k). (779)

The remaining terms in Equation (777) are either much smaller like fNLCD?, have only short-
wavelength pieces like (1 4+ 2fn,P¢)Ps, or simply add a small white noise contribution on large
scales, like fNLQ>§.
Within a region of given large-scale over-density §; and potential ®;, the short-wavelength modes
of the density field are
Js = a [(1+ 2fn1. @)@ + fur, @] . (780)

This is a special case of

s = o [X1®s + Xo®2] , (781)
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where X;| = 1+2fN,®y and Xo = fyr,. In the non-Gaussian case, the local number density of haloes
of mass M is a function of not just d;, but also X; and Xa: n[dy, X1, Xo; Ps(ks); M]. The halo bias

is then
on d®y(k) on

5,00 T 2N, iy x|

where the derivative is taken at the mean value X1 = 1. There is no X5 term since X5 is not spatially

bﬁalo(M’ k;) = ﬁ’_l

(782)

variable. The first term here is the usual Gaussian bias, which has no dependence on k.
Equation (781) shows that the effect on non-Gaussianity is a local rescaling of amplitude of

(small scale) matter fluctuations. To keep the cosmologist’s intuition we write this in terms of og:
ol (x) = 03X (%), (783)

s0 8o = 53§ X1. This allows us to rewrite Equation (782) as

d®y(k) Olnn

Dirato (M, k) = BP9 (M) + 2 : 784
halo( ’ ) L ( )+ fNL d5g(]{7) dln aéocal ( )
Substituting in d®,(k)/dé,(k) = a~!(k) and dropping the local label, we find
3QmH? dlnn
Ab(M, k) = L :
(M, k) k:QT(k)D(z)f N 91n og (785)

This formula is extremely useful because it applies to the bias of any type of object and is expressible
entirely in terms of quantities in Gaussian cosmologies, which have received enormous attention from
N-body simulators. Within the peak-background split model, the task of performing non-Gaussian
calculations is thus reduced to an ensemble of Gaussian simulations with varying amplitude of matter
fluctuations.

We now apply Eq. (785) to halo abundance models with a universal mass function. Universal
mass functions are those that depend only significance v(M), i.e.

dlnv

n(M) =n(M,v) = 2M_2V2f(y)d1nM ,

(786)

where, as usual, we have defined v = 6./0(M) and f(v) is the fraction of mass that collapses into
haloes of significance between v and (v + dv). Universality of the halo mass function has been
tested in numerous simulations, with results generally confirming the assumption even if the specific
functional forms for f(v) may differ from one another.

The significance of a halo of mass M depends on the background density field dy, so one can

compute In/ddy(x) to compute the bias

1 d
b}I;alo =1- 6—115 ln[yzf(u)] . (787)

The derivative d1nn/0In og appearing in Equation (785) can be obtained under the same universality

assumption. In fact, the calculation is simpler. The definition of the significance implies v? og 2
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so that dInv/dIn M does not depend on og at fixed M. Therefore n o< v2f(v) and

Olnn  Olnv Ol f(v)] d )
dlnog  Odlnog Idlnv - _VEID[V fw)]. (788)
Thus by comparison to Equation (787), we find
) halo Ck?QT(kJ D(Z) 0 -

The strong 1/k? dependence on large scales of the halo bias is a prediction of the local models of
NG and can help to measure values of fyy, of order of unity.

This concludes this series of lectures on non-Gaussianity. As we mentioned at the beginning,
they are not intended at all to be complete. Th reader is invited to consult more literature on the

subject if interested.

Part IX

Exercises

Exercise 1: Determine the inflationary prediction for a model of inflation with potential V' (¢) =

AGL.

Exercise 2: In one-single field models of inflation relate the prediction for the tensor-to-scalar ratio

r to the field excursion A¢ in units of Mp.
Exercise 3: Show that gravity waves are not sourced by the scalar field during inflation.

Exercise 4: By corse-graining the inflaton field on a scale (aH) compute the equation of motion for
the long wavelength part of the field and compute its variance. This approach is called stochastic

inflation.
Exercise 5: Photons are no produced during inflation. Find why.

Exercise 6: Describe the non-Gaussianity generated in the modulated decay scenario, that is when

the decay rate of the inflaton field depends on a light field and its fluctuations.
Exercise 7: Discuss the origin in configuration space of the various shapes of NG.
Exercise 8: Extend the SY inequality to higher-order correlators.

Exercise 9: Compute through the in-in formalism the four-point correlator of a light field o with

potential A\o*/4.
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Exercise 10: Compute the CMB (S/N) ratio for the equilateral bispectrum.

Exercise 11: Discuss the (S/N) ratio for the local NG coming from the bias.
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