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When | first visited CBPF...
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Introduction

What is the probability of finding a probability distribution function?
In other words:

What is the probability to find a histogram?
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What is the probability to find a histogram?

Sequence x = (xy, X, - -+, Xy) With x, € {1,2} (coin tosses)
19993
1q{q8 19705
19303 2q; a3 19703
19363 3G7a} 3q]95 19{G3
19{q3 46745 64705 44} 3 199q;

e g1 and @. ... probabilities to toss 1 (heads) or 2 (tails) in a trial xp,.

e k = (ki, ko) ... is the histogram of x;
i.e. ki (ko) ... number of times 1 (2) appears in x.
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What is the probability to find a histogram?

Binomial

The probability to find the histogram k is:

K1 ko

N!
P(k;q) = m% aq

o N ... length of sequence x
O 2 states
0 x,e{1,2}
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What is the probability to find a histogram?

Multinomial

The probability to find the histogram k is:

NI
PR ) = it g O Ol

o N ... length of sequence x
O W states
o xpe{1,2,---, W}
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What is the probability to find a histogram?

Multinomial

The probability to find the histogram k is:

NI
P(Ki Q) = f oot AW

robability G(k;
multiplicity M(k) P y Glkia)
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What is the probability to find a histogram?

Multinomial

We make two observations ...
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Observation 1: The factorization property

Factorization
P(k;q) = M(k) G(k;q)

O Multiplicity M(k) does not depend on q!
O All dependencies on q are captured by G(k; q)

Hanel (CeMSIIS2013) Aging & Entropy Tsallis Birthday 2013 9/24



Observation 1: The factorization property

Take the log on both sides and scale with 1/N...

P(kiq) = M(k) G(k; q)

nlogP(k;q) = flogM(k) + 4logG(k;q)
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Observation 2: From factorization property to MEP

nlogM(k) = §log (%)

1 NN ) e
~ Og( -+ Stirling
N K Ko K
K kg2 ki

= logN — 4>, kilog k;

= 2y Rlog §
= - Z,V':/1 pilogp; --- frequencies p; = %
= SShannon [,0]
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Observation 2: From factorization property to MEP

HlogG(kiq) = flog (af' gk - aly)
= L, kilogqi
= V. pilogq;

= —Seross[Plq]
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Observation 2: From factorization property to MEP

The identified terms:

ylogP(k;q) = 4 logM(k) + ylog G(k; q)

= > pilog(p) + S, pilog(q)
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The Maximum Entropy Principle

Variable transformation ... g = exp(—a — S¢))

Iongq Zp,logp, —aZp, ,BZp,s,

Vv TV
constraint mdependent constraints

What is the most likely histogram k?

0
0= ok log P(k; q)

for fixed N =

9 w w w

=— =D pilog(p) —ad _pi— B> pi
pi — = =
= I= 1=
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Principle

If a factorization
P(k; q) = M(k)G(k; q)
exists then there exists a MEP with

( N) log P(k; q) = ¢( N) log M(k) + log G(k; q)

1
#(N)

generalized entropy constraints
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When does factorization exist?

When does factorization exist?
There is little one can say in general but ...

= focus on processes out of equilibrium that are aging, non-Markovian,
path-dependent
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Aging & memory

When do factorizations of P exist?

e process remembers its entire past in terms of the histogram k

e Consider growing sequences x = (X1, - ,Xn) = X' = (X4, , XN, XN41)
e p(Xn+1]k; Q) ... conditional probability to find xy. 1 given histogram k of x
IF process follows p(xn1]k; Q) and

d N
gnKitN) = p(ilk; q)

has stable solutions

= There exists a recursive definition of how M(k) (similar to the
multinomial coefficients)

= Asymptotically M(k) is given by a deformed multinomial ...
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Deformed factorials and deformed multinomials

Myr(k)= — M NI =ﬂu(n)
u, T = HI. NT <%) ¥ ) oy =

Deformed multinomial

Deformed factorial

o T monotonic with T(0) =0, T(1) =

e deformed multinomials lead to trace-form entropies

Slp] = ¢( iy 09 Mor(k) = :—Z/p'dz/\

Az) = 15 <T/(z) [¢('>’V) log u(NT(z ))] — log A)
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General solution for deformed multinomials

Asymptotic identity for constants a and A
Nz) = 1 (T’(z) [l log u(NT(z))] — log A)
a ¢(N)

A(z) does not depend on N — separation of variables with separation
constant v —
T(2)T(2)"—T'(1)

N2 = T
u(N) = ’\(2?1_1 ...q — shifted factorials (v = 1)
¢(N) = N
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Happy Birthday

The MEP with Tsallis entropy derived for a class of aging processes

for the simplest (and probably the generic) case T(z) = z ...

 T@T@P-T() 21
N =—Tmorae —
v_‘_.a. g o
v '_
y S HAPAY

and
Sip] = Z/p'dzAz)— (PSR

where Q =1+ v and K a constant
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Remark on Extensive vs MEP

e Are the extensive (c, d)-entropies of a process equivalent to the
(¢, d)-entropy of the MEP ?

No they are NOT — but they are related

1

CMEP

dextensive -

R. Hanel & S. Thurner, Generalized (c,d)-entropy and aging random walks,
arXiv:1310.5959
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e Consider for example the conditional probability

p(xn+1 = ilk; q) = 7w H AU
Jj=i+1
e plug p(i|k; q) into the recursive definition of M(k) ...
e ... [ do some not so easy math ] ...

e Use S[p] = ﬁ log M(k) and solve the MEP to get theoretical predictions
for the p; for fixed N

e generate sequences x of length N on the computer (with g; = 1/W) and
produce the histograms k; of the sequences (full lines)
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pilk; q) = qHA
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(i) Simulation: generate sequences x on the computer with g; = 1/W and
W = 50;

(if) MEP prediction: p; = exp,(—a — ) withqg=1+vande; = I.
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FIN

Happy birthday, Constantino!
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