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THEORETICAL PHYSICS:  

CROSSROADS OF TRUTH AND BEAUTY 



Dedicated to 
 
   Emmanuel and Cleopatra 
   Demetrio and Thalia 
   Maria Cristina, Alexandra and Adrian, Flora and Enzo 
   Maria Aparecida and Emmanuel 
   Marisa 





Poetry is more elevated and more philosophical 
than history; for poetry expresses the universal, 
and history only the particular. History tells us the 
events as they happened, whereas poetry tells 
them as they could or should have happened. 

                                                         Aristotle 



                          (~ 1978 - ~ 1991) 
 
FIDELITY, PERCOLATION, POTTS MODEL,  
 
TRANSMISSIVITY, BREAK-COLLAPSE METHOD, 
  
RANDOM RESISTORS, RANDOM MAGNETISM, 
 
RENORMALIZATION GROUP, AND ALL THAT JAZZ 













                         (~ 1986 - …) 
 
NONADDITIVE ENTROPIES, NONEXTENSIVE 
 
STATISTICAL MECHANICS, WEAK CHAOS,  
 
LONG-RANGE INTERACTIONS, GENERALIZED 
 
THERMODYNAMICS, q-TRIPLET, CENTRAL LIMIT 
 
THEOREMS, NONLINEAR FOKKER-PLANCK,  
 
BLACK HOLES, AND ALL THAT BOSSA NOVA 
 
                               



Vorlesungen uber Gastheorie (Leipzig, 1896)  
Lectures on Gas Theory, transl. S. Brush  
(Univ. California Press, Berkeley, 1964), page 13 
 
 
The forces that two molecules impose one    onto 
the other during an interaction can be completely 
arbitrary, only assuming that their sphere of 
action is very small compared to    their mean 
free path.  

Ludwig BOLTZMANN 



Ettore MAJORANA 
 

The value of statistical laws in physics and social sciences.                              
Original manuscript in Italian published by G. Gentile Jr. in Scientia 36, 58 (1942); 
translated into English by R. Mantegna (2005).  
 

This is mainly because entropy is an additive quantity as the 
other ones. In other words, the entropy of a system composed 
of several independent parts is equal to the sum of entropy of 
each single part. [...] 
Therefore one considers all possible internal determinations as 
equally probable. This is indeed a new hypothesis because the 
universe, which is far from being in the same state indefinitively, 
is subjected to continuous transformations. We will therefore 
admit as an extremely plausible working hypothesis, whose far 
consequences could sometime not be verified, that all the 
internal states of a system are a priori equally probable in 
specific physical conditions.  Under this hypothesis, the 
statistical ensemble associated to each macroscopic state A 
turns out to be completely defined. 
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Possible generalization of                
Boltzmann-Gibbs statistical mechanics 
 
C.T., J. Stat. Phys. 52, 479 (1988) 
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∈
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pi
q > p  if  q <1     (aristocratic :  minority controls)
pi
q < p  if  q >1     (demagogic :   majority controls)
pi
q = p  if  q =1     (democratic :   equal opportunities)     Boltzmann-Gibbs

1985   Ciudad de Mexico + Rio de Janeiro
1987   Maceio + Rio de Janeiro
1987   Notas de Física - CBPF
1988   Journal of Statistical Physics                                 → 3081 citations/ISI Web of Knowledge
1991   Journal of Physics A (with E.M.F. Curado)          →   460 citations/ISI Web of Knowledge
1998   Physica A (with R.S. Mendes and A.R. Plastino) →   728 citations/ISI Web of Knowledge



  Sq = k
1− pi

q

i=1

W

∑
q −1

     (q∈R)

A and B probabilistically independent (i.e.,  pi, j
A+B = pi

A pj
B  , i.e., series)
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Sq (A + B)

k
=
Sq (A)
k

+
Sq (B)
k

+ (1− q)
Sq (A)
k

Sq (B)
k

         (nonadditive)

⇒        Sq (A + B) = Sq (A)+ Sq (B)+ 1− q
k

Sq (A)Sq (B)        
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ln 1+ (Q −1)t[ ]

Q −1
 from graph approach!



TYPICAL SIMPLE SYSTEMS:  
     Short-range space-time correlations 

     Markovian processes (short memory), Additive noise 

     Strong chaos (positive maximal Lyapunov exponent), Ergodic, Riemannian geometry 

     Short-range many-body interactions, weakly quantum-entangled subsystems 

     Linear/homogeneous Fokker-Planck equations, Gausssians 

                       ! Boltzmann-Gibbs entropy (additive) 

           ! Exponential dependences (Boltzmann-Gibbs weight, ...) 

TYPICAL COMPLEX SYSTEMS: 
     Long-range space-time correlations 

     Non-Markovian processes (long memory), Additive and multiplicative noises 

     Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry 

     Long-range many-body interactions, strongly quantum-entangled sybsystems 

     Nonlinear/inhomogeneous Fokker-Planck equations, q-Gaussians 

            ! Entropy Sq (nonadditive) 

               ! q-exponential dependences (asymptotic power-laws) 

e.g.,  ( )  ( 1)NW N µ µ∝ >

e.g.,  ( )  ( 0)W N N ρ ρ∝ >
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EXTENSIVITY OF THE ENTROPY  (N →∞)

If W (N )  µN   (µ >1) 
             ⇒  SBG (N ) = kB lnW (N ) ∝ N        OK!       

If W (N )  N ρ   (ρ > 0) 
             ⇒  Sq (N ) = kB lnq W (N ) ∝ [W (N )]1−q ∝ N ρ (1−q)

             ⇒  Sq=1−1 ρ (N ) ∝ N                          OK!

If W (N ) ν Nγ
  (ν >1; 0 < γ <1) 

             ⇒  Sδ (N ) = kB lnW (N )⎡⎣ ⎤⎦
δ
∝ N γ  δ

             ⇒  Sδ =1 γ (N ) ∝ N                             OK!

IMPORTANT:        µN >>ν Nγ
>> N ρ    if   N >>1
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EXTENSIVE 
SYSTEMS 

NONEXTENSIVE 
SYSTEMS 

dipole-dipole 

Newtonian gravitation 

  

V (r) ∼ − A
rα      (r →∞)        ( A > 0,   α ≥ 0)

                        integrable if       α / d >1       (short-ranged)
                non-integrable if  0 ≤α / d ≤1        (long-ranged)
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-  modelXYα





L.J.L. Cirto, V.R.V. Assis and C. T., Physica A 393, 286 (2014)  



α = 2
q = 1

α = 0.9
q = 1.58

L.J.L. Cirto, V.R.V. Assis and C. T., Physica A 393, 286 (2014)  
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L.J.L. Cirto, V.R.V. Assis and C. T., Physica A 393, 286 (2014)  

α = 2
q = 1

α = 0.9
q = 1.53



L.J.L. Cirto, V.R.V. Assis and C. T., Physica A 393, 286 (2014)  
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(q = 1+1/n) 



 dN±±dydpT
 = A eq

ï pT c / T

dpT = 2/ pT dpT
y > rapidity

[A] = GeVï2c3

Data from Wong & Wilk PRD 87, 114007 (2013)A / 100
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Tackled by 
     Jacob D. Bekenstein 
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     Thanu Padmanabhan 
     Robert M. Wald 
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SINCE THE PIONEERING BEKENSTEIN-HAWKING RESULTS,
PHYSICALLY MEANINGFUL  EVIDENCE HAS ACCUMULATED 
(e.g., HOLOGRAPHIC PRINCIPLE) WHICH MANDATES THAT
 
                     
                         lnWblack  hole   ∝  AREA 

THIS IS PERFECTLY ADMISSIBLE AND MOST PROBABLY CORRECT. 

HOWEVER, 

IS THIS QUANTITY THE THERMODYNAMICAL ENTROPY???





ENTROPIES

SBG = kB pi ln
1
pii=1

W

∑                           →  additive

Sq = kB pi lnq
1
pi

       
i=1

W

∑  (S1 = SBG )  →  nonadditive if q ≠ 1     C. T. (1988)

Sδ = kB pi ln 1
pi

⎛

⎝⎜
⎞

⎠⎟i=1

W

∑
δ

     (S1 = SBG ) →  nonadditive if δ ≠ 1     C. T. (2009)

Sq,δ = kB pi lnq
1
pi

⎛

⎝⎜
⎞

⎠⎟i=1

W

∑
δ

   (Sq,1 = Sq;  S1,δ = Sδ ;  S1,1 = SBG )          C. T. (2011)       

                                                         →  nonadditive if (q,δ ) ≠ (1,1)
                                                                                  
                                                      C. T. and L.J.L. Cirto, Eur Phys J C 73, 2487 (2013)



Various arguments (phenomenological, holographic principle, 
                                                       string theory, area law, etc) yield
          SBG (L) ≡ kB lnW (L)∝ Ld−1  (d >1)
hence

         W (L)∝Φ(L) ν Ld−1

 with limL→∞
ln  Φ(L)
Ld−1 = 0;  e.g., Φ(L)∝ Lρ⎛

⎝⎜
⎞
⎠⎟

hence, for d >1, the entropy which is extensive is Sδ  with δ = d
d −1

i.e.,                     Sδ =d /(d−1)(L) = kB pi ln 1
pi

⎛
⎝⎜

⎞
⎠⎟

d
d−1

∝ Ld    
i=1

W (L )

∑ (d >1)

Consequently     Sδ =3 2
black  hole(L) = kB pi ln 1

pi

⎛
⎝⎜

⎞
⎠⎟

3
2
∝ L3    

i=1

W (N )

∑ !!!

C.T. and L.J.L. Cirto, Eur. Phys. J. C 73, 2487 (2013)  



CONSEQUENCE (for the equal-probability case): 

 

           Sδ =3/2
black  hole

kB
∝

SBekenstein−Hawking
kB

⎛
⎝⎜

⎞
⎠⎟

3/2

with

SBekenstein−Hawking =
kB
4

AH

G / c3 =
kBπ
2

AH

LPlanck( )2

AH    ≡ event horizon area
LPlanck ≡ Planck length

C.T. and L.J.L. Cirto, Eur. Phys. J. C 73, 2487 (2013)  



 
 

 

 
 

 

 
 

   
 
 

 
 
 

 
 

 
 
 

 
 
 

 
 

 
 

 
 

EXTENSIVE

SYSTEMS
   W (N )

EXTENSIVE

EXTENSIVE

NONEXTENSIVE

NONEXTENSIVE NONEXTENSIVE

NONEXTENSIVE

NONEXTENSIVE NONEXTENSIVE

ENTROPY  SBG

  (ADDITIVE)

   ENTROPY  Sq
         (q ≠ 1)
(NONADDITIVE)

   ENTROPY  Sδ
         (δ ≠ 1)
(NONADDITIVE)

 

 µN

(µ >1)

 

 N ρ

(ρ > 0)

 

ν Nγ

(ν >1;
0 < γ <1)



King Thutmosis I 
18th Dynasty 
circa 1500 BC 







δ = 3 / 2
δ = 1

δ =1  δ = 3 / 2
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Tout le monde savait que c’ était impossible. 

Il y avait un qui ne le savait pas. 

Alors il est allé et il l’a fait. 

 
 Jean Cocteau (Marcel Pagnol, Winston Churchill, Mark Twain ...) 
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