Combinatorial basis for Tsallis entropy
and its applications
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My brief history
on recent activities

1. Chief Organizer (Kyoto, 2009)
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3. My Book
in Japanese (2010)
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Why | became interested
In Tsallis entropy Sq

Confession
At first glance (2000), | was not so interested in S o

Dislike Why? Like!

What I1s my tippingﬂboint?
= This i1s my talk.

Conversion
Late in 2003, | became VeEry interested In Sq .
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Natural guestion for me (2000)

Why Is Tsallis entropy a staring point for MaxEnt?

Around that time, many papers
on Tsallis statistics were published - -

If Tsallis entropy Is } A # riate generalized entropy,
| believed there exig & ~Wrundamental approach
along the line of the Boltzmann s original ideas.

= counting numbers of states




Outline of my approach
g-exponentialg-product-Tsallis entropy

Characterization of the dy
exponential function

(Tsallis, 2004) ‘

exponential U
(Borges, 2004)

g-product  expg(z +y) = exp, x> &, exp,(y)
|
(Suyari, 2006)

g-Stirling’s formula, g-multinomial coefficient
I 4 n )
(Suyari, 2006) 1 — Z !

v 5, = =1

Tsallis entropy v ¢—1




Characterization of the g-exponential function

e

* Tsallis (2004) ~/
Y  Ingy=1x+ C
- Iogarlthm

N

d 1
dz_y :>fy—qdy=fdx

ANY constant

::> y = exp, (z + C)
g-exponential

( )

) = exp -
o (expg (€)1

[C’ IS ANY constant satisfying 14+ (1—¢)C > (ﬂ

/




g-product

d
Fundamental functions derived from d—i — yq
1—q
~ T — 1
g-logarithm = Iny & = —— J —— Inz
- exponentialexp, z = [1+ (1 —¢)z] ' —=— expx

The new product ®,is introduced to satisfy
the g-exponential law:

€XPy T Qg €XPq Y = €XPy (z+vy) @q : q-pI’OdUCt

4 )
1

j1> TRy = lxl_q +yte — 1]1T

\. y,
Nivanen, Mehaute, Wang (Rep. Math. Phys., vol. 52, 2003),
Borges (Physica A, vol. 340, 2004.)




g-Stirling's formula
Suyari (Physica A, 368, 2006.)

[ g-factorial nl, =1®, - &;n J

tight g-Stirling’s formula

(n—i—%)lnn—n—k@ml—i—(l—&l) if ¢ =1
lnq<n!q)§<n—%—lnn—%—|—9n,2—(52 LRGN

¥[2fq+%)”1li;1—2ﬁq+en,q+[ﬁ—5q] if g>0q =12

rough g-Stirling’s formula @ More useful for applications 4
‘n—1Inn+ O(1) if ¢ = 2

g (nly) =} _n In,n — L +O0(lngn) if ¢>0q =2

N 24 24 y




g-multinomial coefficient
Suyari (Physica A, 368, 2006.)

In order to define the g-multinomial coefficient,
the new ratio @is introduced to satisfy

eXpy LD ¢€Xpy Yy = expy (T — y)

4 )
1

j>l TOqy = !xl_q — yl_q + 1]@

\. Y,

Qg+ g-ratio



g-multinomial coefficient (contin.)

standard multinomial coefficient

4 )
n o A7 ! |
T 47 myieeny
\ VA e ——
i . . . /7 /
g-multinomial coefficient/— : ~N
' n I£ )2 V
n n | (_n'_q >9 q_[ (_n 1_!‘11@;(1 % (_n k_'q_ﬂ
q 1
- n m . 1—¢
PR ED S SRR W AR
(=1 =1 U =




Derivation of Tsallis entropy & additive duality
Suyari (Physica A, 368, 2006.)

~ additive duality.qg < 2 — ¢

n

niT(1=q)
~ S S
T 1+(1-gq) ”(1_‘1)(”’ |

Iny 1)

nl e oo nk

1-(1—q)




This discovery I1s my tipping point!

shnesentropks/

Tsallis entropy only!

g-exponentail
function

Counting Number

of States

The unique entropy corresponding to the
g-exponential function is Tsallis entropy!
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More general formulra

q <> 2—4q
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(u,v,q)-relation
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(1, V)-Stirling's formula
Suyari&Wada (Physica A, 387, 2008.)

[ g-factorial n!l, =1®,2®, - ®; n ]

[ (/,L,V) -factorial ’fl'(

oy =1 B2 @y @y ”V]

n _ =g = [
I, nl, ) = fl In,, 2”dx (v )-Stirling's formula
(v(n—1Inn)+ O(1) if v(l—pu)+1=20
= nln, n” —wvn o - T
V(l—,u)—l—l—l_ (nﬂn) if v(l—p)+1=

Similarly as before, ( 11, v ) -multinomial coefficient is defined.



Generalized correspondence betwee

n

(@, v)-multinomial coefficient and Tsallis entropy o

r
n

—In

~ nqS (nl .
= q ’
L (pv)

= -

n

B

~\

J

(u,y,q)—relation [ v(l—p)+1= Q]

This correspondence recovers the 4 typical

Suyari&Wada
(Physica A, 387, 2008.)

mathematical structures as special cases:

1. additive duality =2 2 — ]

1= T _ 1
2. multiplicative duality ¢ < p

4. multifractal triplet
dsen

/\ ol

Qrel9stat

3. g-triplet

1

1_QSen—q_1 q 16



~ " g (B, 2
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q n n

n o o o n
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(p,v,q)-relation | v(1 —p) +1 =g

(i) additive duality ¢ =< 2—¢ v=1= pu=2—gq

In . _n_qS (nl nk)
2—q nl .o nk (2_q71) — q q n 9 y n
W=t . 1 1
(i) multiplicative duality ¢ < 5 Vv =q = U= E

189



(/L,V,q)-relation [ v(l—p)+1= Q]
(ii) g-triplet v =2 —q¢ = u = ; q
—q
Tsallis et al (2005) conjectured
| 1 1 1 3 — 2q .t
Qrel T :qstat+—:2 = :2_ sta
Gsen Qrel dsen Aot at
(1,0) = | ————q ]
o dsen 7qre17 =k
- . . 1 1
(iv) multifractal triplet v = — = £
q 1 —p q
f co> spectrum
Rescale  |Qmax — Qpin | = 1
L]
1 1 1
Lyra&Tsallis - — —

" Qi Omax  (PRL8O, 1998) 1 — gsen min  ¥max
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This general formula recovers the 4 important
mathematical structures as special cases.

Up to now, this Is the unigque general formula to
recover the 4 important mathematical structures
In Tsallis statistics.



L_aw of error
(pioneer: Gauss(1809) )

Consider repeated measurements of an observable.

observed values z;,---,z_ : given
. Of course!
true value x : unknown
Typical errors in measurement:
1. additive error ¢, = 1, — T
o L, 0
2. multiplicative error €, = —(> )

(iji()) x



L_aw of additive error
(Suyari, IEEE Inform.Theory, 2005.)

z,,--+, 7, . n observed values of an observable

i "™ - true value of an observable

\_ n Y,
y - . |

Gauss' law of error AI additive error | ~N

Likelihood function L(6) = f(2; —0)-- f(z, — 0)
L(60)takes the maximum at § = ¢ :Gaussian
& (0) ‘f ussian

Law of error in Tsallis statistics ~N
Likelihood function L, (¢) == f(z; — 0) ®, --- @, f(z, —0)

@ (0) takes the maximum at 6 = 0" ‘ /1 g-Gaussian

/




g-Gaussian

_- Gaussian (g=1)
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mean= 0
- (-variance=1
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q < 1: narrow

0.35

qg > 1: wide
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q-Gaussian Family

qg= 2
Cauchy dist. 7’ = 7o

q - 045
s f<:1:>:£ Az —p)
semicircle dist. To 2 o M

(Most.important dist. in Random Matrix Theory)




Law of multiplicative error
(Suyari, Entropy(2013))

[

\_

zy,--+, %, (> 0): n observed values of an observable

Inz, +---+1Inx
0" — 1 n - true value of an observable

n

Gauss’ law of error 4| multiplicative error i
Likelihood function L(6):= f(Inz —6)---f(Inz, — )

L(60)takes the maximum at § = ¢ / :log-normal
L(0) m) / :log

\

Law of multiplicative error in Tsallis statistics

J
~

Likelihood function 1, (6):= f(lnz, —0) @ - f(nz, —0)

fq (0) takes the maximum at 6 = 0" ‘ /:log-g-norm

al
),




_og-g-normal




Summary

The unigue entropy corresponding to the
g-exponential function iIs Tsallis entropy:.

General formula to recover the 4 important

mathematical structures as special cases
1 n nq nl nk
_1nu g_Sq _7...’_
% q n n

ngoo My

(V)

Law of error in Tsallis statistics

{ additive error mm) -Gaussian

multiplicative error ‘ log-g-normal
(log-g-Gaussian)



_og-g-normal and Q-log-normal

LLaw of error consists of the two parts:

1. Repeated measurements:
Independent or Correlated ?

2. Kinds of error:
Additive, Multiplicative or others ?

Log-g-normal Q-log-normal
(Suyari(2013)) (Queiros(2009,2012))
1 2 1 2
f(x)oc;equ[—ﬁ<lnx> J f(x)ocx—qexp[—ﬂ(lnqx) ]
Correlated measurement Independent measurement

& Multiplicative error & g-Multiplicative(?) error



Derivation of Quelros’ g-log-normal dist.
IN the framework of the law of error

1. Repeated measurements: independent

2. Kinds of error: g-Multiplicative(?) error

T -
e Standard multiplicative error ¢ :— _Z<> ())

(ii()) m T
__ * (z, > 0 1s assumed
m) nz, =1Inz +Ine,

M without loss of generality)
e Q-multiplicative(?) error

lnqa: ln :L’—I—lne »ln—:

Scaling effect
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